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Abstract 
This thesis is primarily concerned with the rank of elliptic curves over the rationals. 
It establishes a new long exact sequence of groups related to an elliptic curve E over 
Q. The sequence appears to have strong connections with the conjectures of Birch 
and Swinnerton-Dyer. Using Haar and Tamagawa measures in the case of the field 
Q, the algebraic rank and the analytic rank respectively are shown to be closely 
related to the first two groups. This approach also offers explanations, but not 
proofs, for the constants of the conjectures. This part of the thesis ends with a 
discussion of a possible generalisation of the approach to a number field K. 
The second part of the thesis considers conductor related bounds on rank and also 
develops a theory of the distribution of rank for the set of all elliptic curves over Q, 
ordered by the size of coefficients. Published experimental results are compared with 
this theory. I conclude with algorithmic methods of identifying high rank elliptic 
curves. 
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Chapter 1 Notation and Introduction 
1.1 Notation and definitions 
In general the notation used follows that of Tate's paper reproduced in Modular 
Functions of One Variable, [T4] and Silverman's textbook, The Arithmetic of 
Elliptic Curves, [Si]. 
For typographical reasons the Tate-Shafarevic group (defined in Section 2.1.5) is 
generally denoted by III, rather than its more normal Cyrillic character ifi. 
In Section 2. 1, in particular, the notation becomes potentially confusing with 
different "points" and different valuations. The convention has been adopted in that 
section, wherever possible, of using subscripts to indicate valuations and using 
superscripts to discriminate between different "points". Thus, p2)  is the second 
point on the curve over the 3-adic field. Superscripts may be "prime" or "numeric". 
Otherwise, we use the following notation with meanings defined here or where 
indicated. 
Q 	the field of rational numbers 
R 	the field of real numbers (also, in some contexts, written as Q) 
C 	the field of complex numbers 
Z 	the rational integers 
N 	the positive integers 
K 	a general number field 
Q P 	the p-adic field 
A 	the adèles of Q 
F,, 	the finite field of p elements 
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P 	a prime integer, a discrete valuation of the field Q 
p 	a prime integer, a discrete valuation of the number field K 
v 	any valuation of the field, including an infinite valuation 
E 	an elliptic curve defined over the relevant field 
C 	a principal homogeneous space of E (defined in Section 2.1.2) 
E(Q) 	the Mordell-Weil group (defined in Section 1.3.1) of Q-rational points of E 
E(A) 	the group of points of E over the adèles of Q 
E(Q) the group of points of E over Q 
E0 (Q ,,) the subgroup of E(Q ) for which reduction at p is non-singular 
WC 	the Weil-Châtelet group (defined in Section 2.1.4) for E 
P 	a point on an elliptic curve over Q 
a "point" of E(A), i.e. of I[J E(Q),at every valuation 
Gal 	the Galois group of (3/Q 
the minimal discriminant (defined in Section 1.2. 1) of E 
bad 	describes a prime divisor of the minimal discriminant 
good describes a prime not a divisor of the minimal discriminant 
H 	the naïve height (defined in Section 1.4.3) of a point on  
h 	the Néron-Tate canonical height (defined in Section 1.4.3) of a point on  
N 	the number of points of E over F (including the point at infinity and 
singular points, if any) 
tP 	the Trace of Frobenius, i.e. p + 1 - N 
OP 	the angle of the trace, i.e. t,, = 2p 1 cos OP  
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K, 	a positive real constant or scalar where i is some index 
L(E,$) the L-series of E, here taken as  
t, P (i - tp5 + PI-2s )' 
bad 	 good p 
r 	the algebraic rank of E, i.e. the rank of its Mordell-Weil group 
r* 	the analytic rank of E, i.e. the order of zero of its L-series at s = 1 
the mean value of the order of zero of the L-series at s = 1 for a set of 
elliptic curves ordered by the absolute value of their coefficients 
T 	the torsion (sub)group of E(Q) 
N 	the conductor of E (defined in Section 1.2. 1) 
R 	the regulator of E (defined in Section 1.4.3) 
c,, 	[E(Q, ) : E0 (Q)J, the index of the subgroup 




a n 	the coefficient of nin the expansion of the L-series of E 
Pn 	the nth  prime (e.g. p168 = 997) 
r' (N) the subgroup of SL(2,Z) with (2,1) element 0 mod N 
H* the complex upper half-plane together with Q and {co} 
X 0 (N) the modular curve F 0 (N) \ H* 
V P 	the points of a variety V over the ring ofp-adic integers 
VA 	the adelic variety, that is the points over the adèles of Q for a variety V. 
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1.2 Background to the study of elliptic curves 
1.2.1 This thesis is primarily concerned with the rank of elliptic curves over Q, the 
rational numbers. 
The related study of conics (which can be considered as plane curves expressed by a 
quadratic equation, and of genus zero) goes back to the period of Menaechmus (4th 
century B.C.) and possibly earlier. Conics satisfy the Hasse Principle. This states 
that, if a curve has points defined over the real numbers and over the p-adic 
completions of Q for every discrete prime p, then it has a point defined over Q. 
An elliptic curve over a field K can be defined as a genus one plane curve defined 
over K with at least one point defined over K. It is possible for the only point to be 
the point at infinity, when the curve is expressed in homogeneous projective form. 
We shall always express our elliptic curves in affine form, but with a rational point 
at infinity. Indeed, for most purposes it is convenient to consider elliptic curves as 
non-singular plane cubic curves. Thus, from the standpoints of the order of the 
defining equation and of genus elliptic curves are the next step beyond conics in 
arithmetical algebraic geometry. As will be seen, curves of genus one unlike conics 
do not, in general, satisfy the Hasse Principle. 
The global minimal form for an elliptic curve defined over Q is 
+ a 1 xy + a3 y = x 3 + a2 x 2 + a4 x + a6 
where the coefficients are all defined over the ring of integers (namely Z) satisfying 
criteria set out, for example, in Tate's paper [T4]. In particular, the minimal 
discriminant A (derived from this form, as we shall explain) satisfies ord(A) 
minimal for each discrete valuation p. Néron [Ni] proved that such a minimal form 
exists and it is unique. From the minimal form one can evaluate several important 
variables related to the elliptic curve, namely its minimal discriminant, A, just 
mentioned, its conductor N and its invariant differential co. Let 
b2 =a 2  +4a2 ; b4 =a1 a3 +2a4 ; b6 =a +4a6 ; and 
b8 =a a6 + 4a2 a6 - a 1 a3 a4 + a 2a - a. 
The minimal discriminant A is now given by 
A:=  . 	—8b 43 — 27b +9b2 b4b6 . 
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The conductor N is a product of positive integer powers p 4 (determined as in [T4]) 
of the prime divisors p of A. It is related to m p , the number of irreducible 
components of the special fibre of the minimal model of E at p. This concept derives 
from a form of 'blow-up' at the singular point of the curve reduced modulo p. The 
relation is 
f =ord(A)+i—m. 
An elliptic curve of conductor N is also connected to a modular function for the 
group 11"0 (N). This is the celebrated Taniyama-Weil Conjecture which, it is reported 
(in [Dl], for example), has very recently been proved in all cases. As a result, we 
know that every elliptic curve of conductor N is a Weil curve, that is to say there is a 
surjective morphism defined over Q 
Ø:X0 (N)—* E. 
Finally, the invariant differential a is given by 
dx 
2y + a1 x + a3 
These variables are used extensively in this thesis. 
Non-singular plane cubic curves over an algebraically closed field intersect a line 
three times counting multiplicities (as can be seen by applying Bezout's Theorem). 
The well-known classical tangent-chord method gives the structure of an Abelian 
group to the set of rational points on a non-singular plane cubic curve. This method 
is explained and the group law proved in many published works, for example in 
[Si]. 
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1.3 History of elliptic curve theory prior to the 1960s 
1.3.1 We can regard the history of the theory of a group structure on a plane cubic 
curve as dating back to Bachet and the work of Newton on the secant method. This 
technique uses two points on a plane cubic curve in order to generate a third. 
However, a more formal description of the group structure is usually attributed to 
Poincaré (1901) with much earlier contributions from Jacobi (1835) acknowledged. 
An interesting review of the history of these ideas is given by Schappacher [Sd]. 
Understanding of the group structure advanced significantly with Mordell's theorem 
of 1921 [Mol]. 
Theorem 1.1 (Mordell) The group of rational points of a rational elliptic curve, E, 
is finitely generated. 
The group of points is now known as the Mordell- Weil group (Weil is included since 
he generalised the proof to elliptic curves defined over number fields). The group is 
composed of the direct product of a torsion part and a free part. In effect: 
E(Q)= TxZ' 
where T is the subgroup of points of finite order (the torsion (sub)group) and r 
copies of Z, the rational integers, give the free part of the group. Here r is the rank, 
strictly speaking the algebraic rank. The epithet is necessary to distinguish it from 
the analytic rank (see Section 1.3.3). 
1.3.2 We have referred to the Hasse Principle, namely that if a conic has points at 
every local valuation (including infinity) then it has a point over Q. As was briefly 
mentioned in Section 1.2, that principle cannot be applied to curves of genus one. 
Apparently independently, Lind in 1940 and Reichardt in 1942 identified curves 
which are of genus one with points at every local valuation but no rational point. 
This obstruction to the Hasse Principle for curves of genus one is one of the features 
which distinguishes the arithmetic of such curves. 
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1.3.3 A parallel development to the study of the group structure and algebraic rank 
for an elliptic curve, historically at least, led to the notion of analytic rank. 
The Euler product (over the rational primes) was developed in the mid-nineteenth 
century by Dinchlet to give the concept of an L-series, with many applications in 
number theory. Essentially one is looking at the behaviour of a multiplicative 
function at each discrete prime and using the fact that cumulatively this encodes the 
behaviour of the function or variety over the rationals. Thus, in due course, there 
came to be defined an L-series, L(E,$) for an elliptic curve E. The L-series for an 
elliptic curve is due to Hasse and was developed by Deuring and Weil. The analytic 
rank is the order of its zero, if any, at s = 1. This simple statement glosses over one 
of the many conjectured relationships affecting the study of elliptic curves. The L-
series for the elliptic curve has been defined (together with the Trace of Frobenius) 
in Section 1.1. In 1934 Hasse [Hal] proved a bound for the Trace. 
Theorem 1.2 (Hasse) The absolute value of the Trace of Frobenius for an elliptic 
curve E over thefinitefield ofp elements is bounded by [2p]. 
Recalling the form of the L-series, in particular that the Trace is multiplied by p 5 , 
Hasse's bound implies that the product defining the L-series converges for ¶R(s) > 
3/2. All of the remainder of this thesis is predicated on the conjecture that L(E,$) 
can be continued analytically as the Euler Product to a neighbourhood of s = 1. This 
implies inter alia that the concept of an order of zero of the L-series at s = 1 has 
meaning. We use this notion frequently. 
1.3.4 A development of elliptic curve theory prior to the 1960s which is of less 
relevance to the subject of this thesis should also be mentioned. Nagell and Lutz, in 
1935 and 1937 respectively, published papers which helped to identify the torsion 
component of the Mordell-Weil group for an elliptic curve over Q. Although not 
prior to the 1960s, it should also be mentioned that in 1977 Mazur proved that there 
are only fifteen possible forms for the torsion component. 
More relevant to this thesis is the work in the late 1950s of Tate and Shafarevic on 
the group of principal homogeneous spaces of an elliptic curve. This concept is not 
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explained here but will be fully explained in Section 2. 1, where it is used frequently. 
This group carries the names Weil and Châtelet, who originally developed the 
concept some years earlier ([WI] was published in 1955). Tate and Shafarevic 
recognised that the Weil-Châtelet group has a subgroup consisting of those curves 
for which there are points everywhere locally but which may not have a global point. 
This subgroup, which is referred to as the Tate-Shafarevic group III, is non-trivial if 
and only if there is an obstruction to the Hasse Principle. 
11 
1.4 The Birch I Swinnerton-Dyer Conjectures 
1.4.1 In 1962 Cassels addressed the International Congress of Mathematicians at 
Stockholm. His paper, [Cl], was a "trailer" for the two papers of Birch and 
Swiimerton-Dyer, [BSD1] and [BSD2], which had not then been published. These 
papers together contain the results of lengthy computational analysis by Birch and 
Swinnerton-Dyer and the first indications of a series of conjectures which have come 
to be known as the Birch / Swinnerton-Dyer Conjectures, -the "Conjectures"-. 
The Conjectures carry the names of Birch and Swinnerton-Dyer, but some earlier 
work by Weil in [WI], ideas of Tate and Shafarevic (referred to in Section 1.3.4) and 
computations by Stephens [St 1] clearly form part of the genesis. Not all of the 
Conjectures are contained in these early papers. 
[BSD1] is largely a statement of the computational methods used to determine the 
rank of an elliptic curve and results for three sets of elliptic curves: 
y 2 =x3 —Ax—B for 0<lA:520, 0<BI:!~ 30 
= - D for ID :!!~ 400 (D 6th  power free) 
y2 = - Dx for DI :!!~ 400 (D 
4t  power free). 
It is only in [BSD2] that the authors express ideas related to the Conjectures, in 
particular that algebraic rank equals the order of zero of the L-series at s = 1 and, 
when rank is zero, the value of the L-series is connected to (i) the square of the order 
of the torsion group and (ii) the order of the Tate-Shafarevic group III, introduced 
briefly in Section 1.3.4. As stated there, the group III is a measure of the extent to 
which the principal homogeneous spaces related to the elliptic curve fail to have 
rational points although having local points over every completion of Q. The 
concepts of III and of principal homogeneous spaces are left undefined for the 
moment and are more appropriately defined in Sections 2.1.5 and 2.1.2 respectively. 
The paper [Cl] also gives more theoretical ideas, highlighting the link with 
Tamagawa's work, which is of some relevance to the ideas discussed in this thesis. 
The key point of the three papers seems to be that Birch and Swinnerton-Dyer had 
concentrated particularly on a family of curves, FD :Y' = x 3 - Dx (D an integer) for 
which they proved by computation that for a curve of rank zero, LD  (1) has the 
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predicted value, or at least the value implied by a guessed value for I IIII. From their 
results here and on other simple curves they were able to make the conjectures. 
1.4.2 In 1963 Birch in [B I] observes that 
I \ 	1/4 	I\ 	 I oD):= D L D 1) / CO (or a multiple of it by N2) 
(which are integers for the family studied) are analogues of the Tamagawa number 
for an algebraic group. Here o(D) is a small positive integer (related inter alia to 
III) and w is the real period of go, the Weierstrass function associated with the curve, 
(and not the co as defined in the rest of this thesis). Birch refers to parallel work by 
Stephens (presented in [St 1]) on the family: y 3 + x 3 = D with results consistent 
with the conjectures (i.e. L(1) = 0 if and only if rank greater than zero, and the 
correct constant if rank is zero). He then extends the idea to a general elliptic curve 
(not necessarily in this family) and comments on Tate's conjecture that the 
coefficient given by L(s) x (s - 
1) -
r at s = 1 should relate to the density of rational 
points and the elliptic regulator (see Section 1.4.3) determined by height (though he 
does not express it in quite these terms). 
1.4.3 In 1966 Tate's paper [Ti] gives the first published statement in a form similar 
to current style. His statement is concerned with the general case of a number field 
and it includes both the elliptic curve as an Abelian variety E and its dual P. The 
notion of the regulator R is also used by Tate. In the case of the field Q (where the 
variety is self-dual) the regulator is the value of the r x r determinant with (i,j)th 
component equal to the pairing (i, Pi ) which, in turn, equals 
(h(1 +)—h(I)—h(F)). 
Here 	is the Néron-Tate canonical height of the point F, which is defined 
below. The r points used to construct the determinant are the generators of the free 
part of the Mordell-Weil group. The Néron-Tate canonical height is determined in 
accordance with the formula 
£(p) := lim 4fl  logH([2]P). fl-+fJ 
H is the naïve height of a point over Q, given by the greater of the absolute values of 
the numerator and denominator of its x-coordinate. The point in the case of this 
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formula is the (21)1h  multiple of P in the Mordell-Weil group of the elliptic curve. 
As Tate is concerned with the general case of a number field K, he defines his 
regulator in terms of pairings of points a on the variety A and a; on its dual A'. 
Tate's expression of the Conjectures (which also incorporates the torsion subgroups 
of both varieties) is therefore: 
11111 x d 
L(s) 	 (s-1Y ass — 
 
p 1. 
A(K) 105  I x I A'(K) tors 
Also in 1966 Swinnerton-Dyer in [SDI] expressed this equation in the case of an 
elliptic curve over Q and so not needing the dual variety (the notation has been 




Their L-series L*  is simply the form used today with adjustments at the 
Archimedean prime and at certain bad primes for the "fudge factor" (a term 
apparently coined by Birch and Swinnerton-Dyer). These adjustments are discussed 
later in Section 2.3.5. 
1.4.4 It is now appropriate to state the form of the Conjectures, in so far as the field 
Q is concerned, as that is the principal subject of Chapter 2 of this thesis. 
Conjecture 1.3 For an elliptic curve E, defined over Q, the L-series has the 
following properties: 
The L-series can be continued analytically throughout the complex plane and, in 
particular, it has an order of zero at s = 1 (the analytic rank) which equals the 
algebraic rank of the Mordell- Weil group of E; and 
In the neighbourhood of s = 1 the L-series can be expressed as 
RIIJfJ c 
bad p = 	(S_1)r +O((s_iY L(E,$) '). 
The meanings of the terms R, Q, III, c and T are in Section 1.1. Fuller definitions 
are in Sections 1.4.3, 2.3.5, 2.1.5, 2.3.5 and 1.3.1 respectively. 
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1.5 Attempts since 1962 to prove the Conjectures 
1.5.1 Since the nineteen-sixties some parts of the Conjectures have been proved, for 
example: 
1977 In [CW1] Coates and Wiles showed that if E I Q has complex multiplication 
(defined in Section 3.2. 1) then positive rank implies L(1) = 0. 
1983 In [Gi] Greenberg showed that if (i) E / Q has complex multiplication, and if 
(ii) ord(L(s)) at s = 1 is odd, then rank is not less than one or implausibly, the p-
primary subgroup of III(E /Q) is infinite for all good primes (except possibly 2,3). 
1983 In [GZ1] Gross and Zagier showed that L'(l) # 0 implies rank not less than 
one and rank equals 1 implies L'(l) / OR is a rational number. They also required 
the limitation that E / Q be parametrised by a modular function. Since Wiles' paper 
on the Taniyama - Weil conjecture [Wil] this was known to be true for all 
semistable curves and, we understand, is now proven for all curves. 
1986 In [Rul] Rubin showed that if E is defined over an imaginary quadratic field K 
with complex multiplication by K, then L(l) # 0 implies III is finite. Rubin also 
showed that, if an elliptic curve has complex multiplication and if the rank of E(Q) 
is not less than two, then the analytic rank is not less than two. 
1988 In [Ki] Kolyvagin showed that for modular curves (see earlier remark) 
L(1) # 0 implies rank equals zero and III finite. 
1995 Kato is reported to have shown that L(1) = 0, L'(1) # 0 implies rank equals one 
and III finite. This is referred to in the Cornell, Silverman and Stevens book on 
Wiles' proof of Fermat's Last theorem and we suspect that the correct reference is 
[Kal] (see Bibliography). 
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1.6 Use of an exact sequence to study the Conjectures 
1.6.1 In the Stockholm paper [Cl] already referred to in Section 1.4.1 Cassels 
introduced a certain exact sequence which we will explain in view of our use of a 
similar long exact sequence. Cassels' sequence is: 





G E(R)1E0 (R) 
and e is the quotient of the adele group necessary to make the sequence exact. 
1.6.2 Another situation where an exact sequence occurs in connection with the Tate- 
Shafarevic group is when m is a positive integer greater than one and there is the 
sequence 
0 - E(Q)/mE(Q) -f stm -p III[m] - 0 
where 	 Stm is the m Selmer group of E / Q 
III[m] denotes the m - torsion subgroup of III(E / Q). 
1.6.3 The first significant idea in this thesis was stimulated by a paper of Zagier 
[Zi], in which he attempted to chart a Diophantine route to the proof of the 
Conjectures. This paper seems to have been largely neglected. We take a long exact 
sequence proposed by Zagier and make a major modification in its first non-trivial 
group. It is surprising that Zagier did not himself take this step since, elsewhere in 
his short paper, he refers to using pairs of points of E(Q), rather than single points, 
in order to obtain a formulation echoing the Conjectures. Our modification replaces 
E(Q) as the first term by E(Q) x E(Q). The long exact sequence is defined and its 
exactness proved in Section 2.1.7. 
1.6.4 In Chapter 2 of this thesis the following are shown for an elliptic curve E 
defined over Q: 
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there is a new long exact sequence related to the curve which terminates at the 
Tate - Shafarevic group III (Section 2.1); 
in the case where the rank is zero and using the notion of a compatible system of 
Haar measure on an exact sequence (introduced in Section 2.2) the constant of 
the Conjectures is consistent with compatible and canonical systems of Haar 
measure on the groups of the long exact sequence (Section 2.4); 
assuming that the L-series, which is analytic for s > 3/2, can be continued 
analytically to the whole complex plane and, in particular, as the Euler Product 
to s = 1, then the order of zero of the L-series at s = 1 (analytic rank) is related to 
the convergence factor used to obtain the Tamagawa measure of the second 
group in the long exact sequence, whilst the algebraic rank of the curve is related 
to the cardinality of the first group in the sequence. This relationship leads to 
plausible evidence for the equality of algebraic rank and analytic rank (Sections 
2.3, 2.4 and 2.5); and 
if rank exceeds zero then (subject to a natural normalisation and to a number 
theoretic adjustment discussed in Section 2.6) the constant of the Conjectures is 
also consistent with compatible and canonical systems of Haar measure on the 
groups of the long exact sequence (Section 2.7). 
Thus, the Birch / Swinnerton-Dyer Conjectures are equivalent to the (much simpler) 
conjecture that elliptic curves over Q conform to a compatible and canonical system 
of Haar measure on a certain long exact sequence. 
In order to carry out these studies, we have used published results on Haar measure 
and also ideas on Tamagawa measure derived from [W2], based on Weil's Princeton 
lectures on Adèles and Algebraic Groups. Since [BSD2] and other writers on the 
Conjectures (such as Tate in [Ti] and Bloch in [Bli]) refer to Haar and Tamagawa 
measure, it is apparent that these concepts are relevant to the study of the 
Conjectures. We also used results from Tate and Néron as well as some classical 
number theory of Euler and Mertens. In Section 2.8 we discuss the possible 
extension of these ideas from Q to a general number field K. 
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1.7 The bounding of rank 
1.7.1 One fact concerning elliptic curves is that, in general, at the present time one 
cannot identify by any known algorithmic method a complete set of generators of 
the Mordell-Weil group. The torsion group can be readily identified, but the problem 
lies with the generators of the free part of the group. As each of these is identified so, 
trivially, there is a lower bound on the rank of the elliptic curve. To find an upper 
bound on the rank of a general elliptic curve is, therefore, a problem of some 
interest. For certain elliptic curves, especially those with a rational torsion point of 
order two, there are well known methods. These can be seen, for example, in Knapp 
[Kni] for a curve with three such points and in Cremona's book [Cr1] more 
generally. Our interest is in different methods. It can be separated into two parts. 
First, there is the problem of putting an upper bound on rank for an elliptic curve of 
specific conductor. Second, there is the related problem of applying such methods to 
a specific elliptic curve. 
1.7.2 Leaving out of consideration methods applicable to only a narrowly-defined 
subset of all elliptic curves, Cremona [Cr1] (and others) have published algorithmic 
methods that are based on searches for rational points on related curves. The 
difficulty of applying these, especially where coefficients are relatively large (in 
relation to computing power) seems to point one in the direction of explicit formulae 
techniques. These are fully described in Mestre's important paper of 1986 [Ml]. In 
Section 3.1 we develop Mestre's ideas. First, using his method we establish an 
envelope giving an effective bound on the rank in relation to the conductor of the 
elliptic curve. Second, we abandon the bound given by Mestre's chosen test function 
to obtain estimates of rank, apparently to within a small margin of error, for any 
specific level of conductor or any specific elliptic curve. As we show, the size of 
coefficients is not a deterrent. These ideas can also help one to understand more 
about the zeros of the L-series on the line SR(s) = 1 away from the real axis. 
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1.7.3 Apart from bounding the rank in relation to the conductor, we also study the 
general distribution of the rank of elliptic curves in relation to the size of their 
coefficients. In particular, various computer surveys of large sets of elliptic curves 
(starting with that of Birch and Swinnerton-Dyer [BSD1] already discussed) have 
shown some variation in the proportions of curves of rank zero, rank one, rank two, 
etc.. They seem to agree in one respect only, after the cases of rank zero and one 
there is a monotonic decrease in the proportions. 
We develop and examine the hypothesis that rank may be distributed in a manner 
related to the Normal Distribution and that, as a consequence, one may expect 
elliptic curves of arbitrarily high rank to occur but requiring very large conductors 
(bounds are given) and having very low frequency (probabilities are given). The 
method used is based on the central limit theorem applied to the distribution of t, 
the Trace of Frobenius, for each prime (discussed in Sections 3.2 and 3.3). In 
Section 3.3 the theoretical results are calculated and: 
compared with experimental data in [BSD1], in [ZK1] by Zagier and Kramarz, 
in [BM1] by Brumer and McGuinness, in [GPZ1] by Gebel, Pethö and Zimmer 
and in [Cr1] by Cremona; 
compared with theory in [Bri] by Brumer, in [Mil],[Mi2] by Michel and in [S4] 
by Silverman; and 
compared with and seem to fit the results of Mestre referred to in Section 1.7.2 
and developed in Section 3.1. 
We also produce evidence that the hypothesis that the frequency of high rank elliptic 
curves follows the Poisson Distribution is not supported by experimental data. 
Section 3.4 of the thesis is an attempt to use the ideas of Section 3.3 and heuristic 
methods estimating the number of elliptic curves with conductor less than a given 
integer in order to obtain estimates of the level of conductor required for an elliptic 
curve of specified high rank. These estimates are compared with those given in 
Section 3.1. 
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1.8 The estimation of rank for a specific elliptic curve 
1.8.1 We have already referred in Section 1.7.2 to the use of explicit formulae 
methods to estimate the rank of a specific elliptic curve. In Section 3.5 we give 
another algorithm to make such an estimate. Birch and Swinnerton-Dyer in [BSD1] 
and [BSD2] had used the behaviour of the L-series near to s = 1 to estimate rank. We 
take their ideas and prove conditionally that the mean value (if it exists) of the Trace 
of Frobenius is related to rank. The larger the number of primes for which the values 
of t,, are calculated (i.e. all primes less than some cut-off) the more accurate the 
estimate of rank will be. We show how accurate the estimate is for a number of 
elliptic curves of various rank using the primes less than 20000 (which are 2262 in 
number). 
Many of the ideas in this thesis have been derived from experimentation by the 
author as well as by other mathematicians. Such data can suggest results which must 
then be proved. Accordingly, this introduction concludes with a brief quotation. It is 
the final sentence of Cassels' paper [Cl] to the 1962 Congress: 
"Number theory is an experimental science." 
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Chapter 2 The Birch I Swinnerton-Dyer Conjectures 
2.1 A new exact sequence associated to an elliptic curve 
2.1.1 The aim of Section 2.1 is to give a new sequence associated to an elliptic 
curve and to prove its exactness. We shall begin by referring to two other exact 
sequences (studied by Cassels and Zagier) which are also associated to an elliptic 
curve. 
The 1962 Stockholm Congress paper of Cassels [Cl], referred to in Sections 1.4.1 
and 1.6.1, employs a long exact sequence ending in III. Cassels' sequence is 
0 	>G 	>flG 	>® 	>111 	>0. 
Fuller details of this sequence were given in Section 1.6.1. Cassels' second group is 
the same as the second group in the sequence which we shall study apart from 
Cassels factoring E(R) by the connected component of the identity. We shall not 
develop this comparison further. 
As mentioned in Section 1.6.3, our use of a long exact sequence to study the 
Conjectures is derived from Zagier's paper [Zi] which proposed various sequences 
0 	>E(Q) 	>E(R) 	>s 	>111 	>0. 
Here R is some ring such as 0 , R, C, Z, (the p-adic integers), Q (the p-adic 
numbers), the group 
=JIz P , 
the finite adèles, A, which Zagier defined as 
fJZ®Q 
(by which we assume that he means the restricted direct product of the p-adic 
numbers over the discrete primes), or any product of these. One such product is the 
full adele ring (which Zagier defined as the direct product of the finite adèles and R, 
and which, subject to the assumption just made, would be the adèles A, defined in 
Section 2.1.2). 
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Study of Zagier's paper leads us to consider a modification in the first group of the 
exact sequence. Otherwise, we rely heavily on his ideas. Sections 2.1.2 to 2.1.7 are 
concerned with modifications to Zagier's sequence and verification that the modified 
sequence is exact (Theorem 2.4). In order to carry out this verification we now 
introduce several definitions and three lemmas. 
2.1.2 In this Section we give some standard definitions and also define a set T. 
Let A be the adèles, that is the direct product of R and the completions Q P  of Q, 
restricted with respect to the finite primes p (which means that for all but a finite 
number of such primes the component lies in the ring ofp-adic integers). The ring of 
principal adèles is the subring of the adèles represented by the embedding of Q in A. 
Principal homogeneous spaces are genus one curves C with a simply transitive E 
action t (all defined over Q) satisfying: 
 
t(ji(x, P), P') = p(x, P + P') 
For all x, y in a principal homogeneous space, there is a unique P e E with 
p(x, P) = y (also defining y - x = P). 
Here x, y are in C and 0, P, P' are in E with 0 the neutral element of E(Q). [All of 
this is shown in, for example, [Si] page 287.] 
E-equivariant isomorphisms are isomorphisms 	between two principal 
homogeneous spaces C, D such that the actions of E on C, D commute. Thus, the 
following diagram commutes 
CxE _Pc 
DxE_ PD 
We define the elements of the set P as pairs (C" P
) 
of (i) genus one curves C over 
Q, having a Q point for every valuation v and an E-action making each into a 
principal homogeneous space and (ii) a point i of C defined over A, but not 
necessarily defined over the ring of principal adèles. 
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2.1.3 We shall now show that there is a grouping of elements of P into equivalence 
classes by equivalence under E-equivariant isomorphisms. The set U is defined as 
these equivalence classes, which are denoted: 
[C, P] = [C, 	'2 , P3 , S 
First, we need to show that there is a well-defined equivalence relation on the set P. 
Lemma 2.1 There is an equivalence relation on the elements of P given by: 
the relation on the set of C, the principal homogeneous spaces, is 
C - C if and only if there is an isomorphism 9 : C -* C 
such that XJB + ) = 9(P) + P (E - equivariance) 
where P E C, P E E and the isomorphism 9 is defined over Q, and 
for P' EC 
(p(l) D( 2 ) D( 2 ) 3 p5
(2) \ where p(l) ,p(2) E E(Q). ,L 	 i 	,  
Proof(i) All of this can be found in [Si] at page 290, for example. 
(ii) The isomorphism acts on the adelic "points" since, as it is defined over Q, 
it is also defined over R and over each local field. The equivalence for the "point 
element" can be expressed as R points differing by a point p)  of E(Q) and points at 
each discrete valuation differing by a fixed point p(2)  of E(Q) (the same point for 
each discrete valuation, but not necessarily the same point as that in the case of the 
Archimedean valuation) to give the definition of the - relation. We shall write 
(which is an abuse of notation): 
= (pwp2) EE(Q)x E(Q). 
In order to show that the relation is an equivalence relation, we must prove that it 
is reflexive, transitive and symmetric and independent of the choice of 9. 
Reflexive The identity is in E(Q). 
Transitive Suppose that (C° , : i) (C(2), (2)),  (C(2), (2)) 	, 
Let 
012: C' -* C2 923 : C2 
_> C 3 and so 	= 23 0912 : C' -* C 3 
(by the relation on the set of Q. Therefore, using E-equivariance: 
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912 (1)) - 2) = ( P. P') E E(Q) x E(Q) by definition of - , and 
*923(1)) 	(3) = (" p") E(Q) x E(Q) by definition of 
So, 921 0 *912 (P(')) = 923((P,P )+ .) (PI p')+ 923 ( 2) ) 
(p. ') + (p", n'") + 
Hence, 923  0912 
()) - 3) = ( + p", p' + p") E 	x E(Q). 
Symmetric By the relation on the set of C and using E-equivariance 
so there is a 	: C2 4  C' 	0*912 = id. 
Now, 912 ((1)) - (2) = (, p , ) E E(Q) x E(Q), by - definition. 
So, 	= 21 0*912(P ) = 921 ((P,P 
)+j5 (2)) = (p,p')+ 92I (. (2) ). 
Thus, 92, (p2)) - (1) = (_ ,—') E E(Q) x E(Q). 
*9 - invariance We need to show that if 91 , 92   are two isomorphisms from C to C', 
for iEC,P'EC', if9 1 (.)—'EE(Q)xE(Q) 
so also 92()—'  EE(Q)xE(Q). 
This follows immediately from the E-equivariance of the isomorphisms 
(or from looking at the action of the Galois Group on the two equations). 
	
This completes the proof that the relation gives equivalence classes. 	LI 
Since the relation on the set of C defines the Weil-Chátelet Group, we shall call it 
the Weil-Chátelet relation. 
2.1.4 We shall now define a law of composition on the set U of equivalence classes 
[c, ] = (C, )i 
and show that, under this law of composition (written ), the set U is a group. 
The Weil-Châtelet Group consists of principal homogeneous spaces which (unlike 
the curves C of this section) may not have a point in Q, for some valuation v, 
modulo the Weil-Châtelet relation. The group formed by the curves C of this section 
is a subgroup of the Weil-Châtelet Group (we shall see that it is the Tate-Shafarevic 
Group). In the case of the Weil-Châtelet Group the group addition is well-defined, 
using a bijection with a cohomological group which we shall describe, and therefore 
the problem only relates to the "points" component of U. In Theorem 3.6 of Chapter 
X of [S1] it is shown that for each P e C(Q) there is a cocycle 
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:a—* P° —P,EH'(Gal,E) 
where a is in the Galois Group (Gal) of Q /Q, which defines the bijection in one 
direction. Similarly, by Theorem 2.2 of Chapter X, [51] shows that for all 
H'(Gal,E) 
there is a curve C defined over Q, with an isomorphism defined over Q from C 
to E such that all a in the Galois Group 
ç9°oç' =- 
C is given the structure of a principal homogeneous space over E by putting 
p(P',P)=co'(co(P')+P) for P' EC,PEE. 
The machinery is now in place for showing that the classes {C} form a group by 
bijection with the first cohomology group. Accordingly, we use the bijection to 
define the principal homogeneous space C resulting from "adding" two spaces 
{ 	} 	} = { 	}. 
By the above, to each of these three classes of principal homogeneous spaces there is 
an isomorphism ço. from the principal homogeneous space class C*  to E. Now, 
define the group operation on U by 
(Cw , j5(1)) (C(2) 	(2)) = 
( C ,qi;' (c'1 
(P (1) + 2 ((2))) ) 
applied at each valuation in order to obtain the resulting "point" p.f•  So, in effect, 
first the component at each valuation is mapped from each principal homogeneous 
space into E( Q), where addition is defined. Now, after addition, we map the 
resulting E( Q) point into the new principal homogeneous space which has been 
determined according to cohomological bijection. 
Lemma 2.2 The set U of equivalence classes forms a group under the composition 
a 
Proof We show that the group axioms are satisfied. 
Closure The principal homogeneous space part is closed by the cohomological 
bijection. The derived point P, is in C by definition. 
Neutral The class [E, 6 ] is the neutral element, i.e. all points of C differ from 0 
(the neutral point of E(Q) ) by a rational point (the same rational point 
at each p-adic valuation). Now, using the isomorphism 
(E, ) e (C, ') = (C, s"), where 
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Pri = 	'(+(')) = 	'(o+co('))= c:i'c(i")= k. 
P and 0 are equivalent under the relation since, if the images in E of two 
C points P', P" differ by an element of E(Q), they are in the same class. 
Inverse For all (c, ): (i) there is a C, the inverse of C; 
there is an isomorphism q : C_> E; and 
there is an isomorphism' : C 	> E. 
Now define the "point" inverse by 
:=:'(_()) 
and so (C,)e(C,) = (E,co(P)+ co_ (P)) = (E,)= or,. 
Associativity To show the associativity, the convention is adopted of denoting the 
isomorphism from (c' + C2) + C3 to E by (I2)3  (and similarly for other 
isomorphisms to E). p(u)k (and similar expressions) here represent an 
infinite-dimensional element (having a component for each valuation) 
with each component a point defined over the corresponding completion. 
Now, 
= ((Cl + C 2 ) + C3 ,)3 (P(123 )) 
where 	p2)3 = c912 (c0 2 (co,(P)+992 (P)))+93 (P), 	and 
(c' , ')
ED ((C2, 	
) e (C 
3 , p3)) = (C' + ( C2 + C3 	3) (p123)) 
where pl(23) = ço, (P') + OP23 
(9,31(92 (p2) + 
From the associativity of the group of {C} we obtain: 
(Cl + C2) + C3 = C' +(C2 + c) and so (I2)3 = p1(23) 
The associativity of the group operation on the "point" component now 
follows immediately from associativity in E(Q ). 
2.1.5 In Section 2.1.4 we established that a certain set of equivalence classes U 
connected with principal homogeneous spaces and their adelic points formed a group 
under a defined law of composition. We shall now relate U to the Tate-Shafarevic 
Group III. 
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Lemma 2.3 The equivalence classes of the principal homogeneous spaces C, which 
are components of elements of the group U under the equivalence relation defined in 
Lemma 2. 1, with the law of composition , form the Tate-Shafarevic Group III. 
Proof In [Si] and elsewhere, III is defined as the kernel of the epimorphism 
wc(E/Q)_fJwc(E/Q) 
where WC stands for the Weil-Châtelet Group. Each of the C forming part of the 
pairs in the set U was defined to be a genus one curve over Q, having a Q point for 
every valuation v and an E-action making it a principal homogeneous space. The 
equivalence relation on these C used to define U (the Weil-Châtelet relation) is the 
same as the relation used to place principal homogeneous spaces into the classes of 
the Weil-Châtelet Group. Thus, the set of C modulo this equivalence relation is 
exactly the kernel of the epimorphism and so is the Tate-Shafarevic Group. LI 
2.1.6 We now define two more groups related to the elliptic curve E defined over Q. 
First, let A be the group E(Q) x E(Q) with elements (pW p(2)) 
Second, let B be the group E(A), which is the direct product of E(R) and the 
restricted direct product of E over each of the completions of Q at the discrete 
valuations p with elements P , P, Ps ,...) which are, in this thesis, usually 
denoted as P . Here, by restricted we mean that for only a finite number of p are 
the PPnot defined over the relevant p-adic integer ring. 
2.1.7 We now come to the main theorem of this Section 2.1, relating to the new 
long exact sequence associated to an elliptic curve. 
Consider the sequence of groups given by 
O — A -- B — U —*III --*O 
where the connecting maps are defined as follows: 
(i) a: A-3B by (p) , p(2)) (p(I)p(2) p( 2) p(2) 	an injection 2 	' 3 	' 5 	')' 
(ii)13:B—>U by(P,,,,P,P3 ,P5 .... )=->[E,i5] 
(iii) y: U—III by [C,]—.{C}. 
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Theorem 2.4 The sequence of groups 
0 	>A 
a  >B ---6-> U --L-+ 111 	>0 
with the connecting maps as defined is exact. 
Proof We have to show that the connecting maps have the following properties: 
a is an injective homomorphism 
P is a homomorphism 
y is a surjective homomorphism 
Im(a) = Ker(f3) 
lm(p) = Ker(y). 
We now prove these facts. 
The map a is an injective homomorphism since an element of Q injects into the 
ring of principal adèles and into the p-adic integer ring at all but a finite number of 
places (the prime factors of the denominators of the coordinates) and the 
composition law is the same in each group. 
The map P is a homomorphism since each element of group B is mapped to some 
class [E, P ] of U. Such classes form a subgroup of U which is isomorphic to 
E(R)/E(Q) x [TE(Q)/E(Q). 
The map ' is a surjective homomorphism since any class {C} in III must have a 
corresponding class [C, .i] in U and as the composition law in U is identical to 
that in III so y is a homomorphism by restriction on U. 
We now consider two points p( l), p(2) E E(Q) and the image of the group A 
element (p(1) , p(2)) under a, namely 
p(2)) = ( ps) 
, 	
, 	 , p5(,...) E E(R) x [J E(Q), 
where p2)  is the injection of p(2)  into E(Q). All such points differ from the 
identity of group B by one rational point at the Archimedean valuation and by 
another rational point at each discrete valuation. So, by the definition of U, they are 
in Ker (13). Conversely, an element P of 
E(R) x flE(Q) 
is in Ker (13) if it is mapped by 13  to [E, 4i 1. Thus, it is necessary that the P of its 
image [E, i] in U, differs from (0,0) e E(Q) x E(Q) by a pair of rational points 
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(here using the definition of U). Thus, P = (" , p2  p(2) p(2) ,•••) with p) , p(2) E 
E(Q). 
Hence, all points of Ker(13)  are in Im(a). Accordingly, Im(a) = Ker(3). 
(v) Let °m  be the neutral class of the Tate-Shafarevic Group, with a Q-rational 
point on each homogeneous space. Thus, each [C, 1 ] of U for which Y: [C, 1 
(i.e. those [C, P ] in Ker(y) ) must be 9/Q - isomorphic to (and so in the same U-
class as) an [E, ' ], E acting on itself by translation/involution. Hence, it is in Im(3). 
Trivially, any element of Im(13)  is an [E, 1 ] and so is in Ker(y). Accordingly, Im(3) 
= Ker(y). 	 LI 
2.1.8 Examples of elements in the exact sequence are given here. However, for 
reasons of space a comprehensive set of examples is not produced. This would 
require elliptic curves of trivial and non-trivial torsion, zero and non-zero rank and 
trivial and non-trivial Tate-Shafarevic Group. We shall look at one elliptic curve 
only. 
Consider the elliptic curve of rank one and torsion subgroup of order two 
E: Y2 = x 3 - 2x ([Cr11 #256B1) 
which has discriminant A = 2. 
o is the point at infinity and other rational points are: 
T= (0,0), ±P = (-1,±1), T± P = (2,±2), 2P = (9/4,-21/8), etc.. 
These points of E(Q) give points of E(Q) x E(Q) such as (-P,T + 3P) which inject 
into E over the completions of Q at each valuation, the first point of the pair into E 
over the Archimedean completion and the second point into E over each p-adic 
completion. 
In addition, the group 
B=E(A)=E(R)x flE(Q) 
will have "points" with components which are real or p-adic but not rational. 
Examples of such points are: 
in the 5-adic field there is a number Ji and so E(Q 5 ) has the point (l,/J ); 
in E(R) there is the point 
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In the special case of the 2-adic field (2 being the only bad prime) we calculate that 
the rational point (0,0) becomes a singular point in the reduction modulo 2. As a 
result of this there is a non-trivial "fudge factor" 
C2  = [E(Q 2 ) : E0 (Q 2 )] (= 2 here). 
However, all "points" of this group B are mapped into U and grouped into 
equivalence classes [E,-,-,-,. .]/— . All of the rational points derived from the group 
E(Q) x E(Q) under the stated equivalence relationship are mapped to the identity of 
U. However, for some elliptic curves, U may be larger than the image of adelic 
group, e.g. there may be principal homogeneous spaces which are not in the trivial 
class of the Weil-Châtelet Group (i.e. there are no points over Q), but at every 
valuation v the curves have a point (and so III is non-trivial). E also has principal 
homogeneous spaces C such as 
Cd (z,w):dw 2 =d2 +8z4 
where dQ 2 (see [Si] chapter X, paragraph 3). 
Now, it happens that this elliptic curve E has trivial III (assuming the Conjectures). 
As a consequence one may expect each principal homogeneous space which is not in 
the same class as E to have at least one valuation for which there are no points on the 
space. In this case, first consider d = 2, giving the space 
G2 : 2w 2 —4+8z 4 i.e. w 2 =2+4z4 . 
The rational point (z, w) = (-i- , 4) lies on this space and so it is in the trivial class of 
the Weil-Châtelet Group. Second, consider d = 3, giving the space 
C3 : 3w2 =9+8z4 . 
Since the order of 3 in the left hand side is an odd integer whilst the order of 3 in the 
right hand side can only be an even integer, this space has no rational points (nor any 
3-adic points). It therefore belongs to a non-trivial class of the Weil-Châtelet Group. 
We see from the tables in [Cr1] that this elliptic curve E has trivial Tate-Shafarevic 
Group. 
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2.2 The compatibility of Haar measure on an exact sequence 
2.2.1 In this Section 2.2, the compatibility of a system of Haar measure on a long 
exact sequence of locally compact Abelian groups is examined. A long exact 
sequence of four groups can be split (using the Cokernel of the first map) into two 
short exact sequences, each of three groups. Our notion of compatibility is based on 
short exact sequences and can be extended to a long exact sequence using this split. 
In a short exact sequence the three groups are linked by maps which are either 
injective or surjective. Furthermore, the three groups in the sequence can take one of 
only four possible combinations of cardinality, namely: 
finite - finite -> finite; 
finite 	infinite -+ infinite; 
infinite -> infinite -* finite; and 
infinite -> infinite -+ infinite. 
In the case of any finite group Haar measure must give equal weight to each group 
element. The notion of compatible measure on exact sequences is based on these 
facts and we shall now define it for cases (i), (ii) and for (iii), (iv) in certain 
situations. 
Definition A compatible system of Haar measure on a short exact sequence of 
locally compact Abelian groups is a system of Haar measure on the three groups 
which, where 
0 	>G1 	' > G3 	>0 
is the short exact sequence, subject to the conditions stated, satisfies: 
isomorphic groups are regarded as having the same Haar measure and so, since 
is injective, if x is a measurable subset of G 1 with measurable image y in G2 , 
then PG  (x) = PG, (y). Thus, measure on G 1 can be related to that on G 2 ; 
çi' is surjective and if z is a measurable subset of G 3 with pre-image y in G2 , 
then PG,  (z) = P, (y) x t, where t is a scalar. Thus, measure on G3 can be 
related to that on G2 . The choice of the scalar t is determined canonically in the 
following manner: 
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if the first group G. in the short exact sequence is finite of cardinality n, then 
we scale measure on G3 to be n times the measure of the pre-image in G 2 . 
So t = n'. This reflects the fact that G 3 = G I Im(G1 ) 
if the first group G 1 is not finite but G3 is finite and of cardinality n then we 
let 1 be the measure of G3 . If also G2 is compact, then we use t = 1 and this 
gives the measure n' for the kernel of the surjection from G 2 . As this 
kernel is isomorphic to the first group G 1 , so that group (which must be 
compact) is also of measure n'. 
t is not defined in the cases not covered in (a) and (b). 
[We shall return to the situation of(ii)(c) in Section 2.2.4] 
A compatible system of Haar measure on a long exact sequence of four groups is a 
system of Haar measure on the groups such that if the sequence is split into two 
short exact sequences (using the Cokemel of the first map) then 
there is a compatible system of Haar measure on each of the two short exact 
sequences; and 
these two systems are compatible with each other in giving the same Haar 
measure on the connecting Cokernel. 
2.2.2 This idea of relating Haar measure between two adjacent groups is seen in the 
work of Halmos. In [Hi] Section 63 Theorem C he relates the Haar measures of two 
locally compact topological groups where the second is a quotient (by a normal 
subgroup H of measure 1) of the first. The following theorem is based on Halmos' 
theorem but permits a different normalisation (scaling). It is relevant to part (ii) of 
the definition given in Section 2.2.1. 
Theorem 2.5 Suppose that Y and Z = Y / H are locally compact topological groups, 
where H a normal subgroup of 1'. Letu y be a Haar measure on Y with ,u, (H) = w. 
Let ,r be the homomorphism 
,r:Y—Z= Y/ H. 
Let 	 Iuz =xpY o2r-I 
Then,uz is a Haar measure on Z, scaled to give the identity of Z a measure of]. 
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Proof Elements of Z are classes [yR] where ye Y and [y 1 H] = [y 2 H] ify1 _Y2 EH. 
By definition, 1u([yH]) = - ; ii,(y) and, if [y1 11] = [y 2 H], since 1uy (y 1 ) = py(y2) , 
this is well-defined. 
The inverse map ir ' takes [H] the identity class ofZto H, and so is of measure 1. 
Every element of Z is taken by the inverse map to a multiple by some ye Y of the 
subgroup H and so, since p1  (y) > 0, we have dUZ ([yH]) > 0 for all such elements. 
p(Iiy 1 Hii) = = /—'y(y1y2) = p([(y1y2)hI]) = p([y1H][y2H]). 
Thus, the property of translation invariance of Haar measure in Y gives us translation 
invariance of the Haar measure in Z. 	 LI 
We have assumed that H is normal in Y and of finite measure w (and so compact). In 
the proof above, unlike Halmos, we have scaled so that the identity of Z is of 
measure 1. Halmos' condition of H being of measure 1 is not necessary in our 
analysis in the context of Haar measure being defined up to positive scalar multiple 
([Hi] Section 60, Theorem Q. We could have chosen any finite positive real scalar 
to define the relationship between the two systems of Haar measure. In commenting 
on integration on topological groups, Higgins [Hil] shows that if Y is locally 
compact and Hausdorff and H a closed normal subgroup of Y then one can relate the 
Haar measures (in a similar manner to that given by [Hi]). 
2.2.3 We shall now apply these ideas to a long exact sequence with the first and last 
groups both finite and the third group compact. 
Theorem 2.6 Suppose that there is a long exact sequence of locally compact Abelian 
topological groups: 
0 	>G1 
a 	>G --L-* 	)0 
with (i) G1 finite of cardinalily F; (ii) G4 finite of cardinality M and of Haar 
measure 1; and (iii) G3 compact. 
Then, in a compatible system, the Haar measures on the groups G1 , G2 , G3 and G4 
are consequently uniquely determined (up to a scalar) and are related by the 
equations: 
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PG, (1G 1 ) = PG, (1 G2 ) 
PG, (G) = PG, (Im(a)) 
PG, (Ker(y)) = PG, (1G) = M 
PG, (G,) = 1 
F PG,  (G2 ) 
Proof We split the sequence into two short exact sequences using H = Cokernel(a): 
Sequence I: 0 	)G1 a  >G2 	>H 	>0 
Sequence II: 0 	)H_°  > G3 --L-> 	>0. 
In Sequence II G 	G3/lm(p) = G3 /Im(13). Also, as G3 is compact and G4 is finite 
so also His compact. 
Now, in Sequence I since H is compact and H G2 /Im(a), we have G2 /Im(a) is 
compact. As lm(a) is finite it follows that G2 is also compact. 
We shall use our definition of compatibility on each of these two Sequences. 
Considering first Sequence I, the following relations, which define compatible Haar 
measure on G 1 , G2 and H, are obtained: 
PG, (1 G ) = PG2  (1 G ) (using the isomorphism part (i) of the definition) 	(1) 
PG, (G1) = PG,  (Im(a)) (using the isomorphism part (i) of the definition) 	(2) 
(H) =P 2  (G2 ) (using the (ii)(a) part of the definition). 	 (3) 
Now consider Sequence II. Since G 4 is finite, then Im(p) is of finite index in G3 . 
Compatible Haar measure on H and G3 is defined in relation to Haar measure on 
G4 . This gives us the following relations: 
PH(H) = pG3 (Ker(y)) (using the isomorphism part (i) of the definition) 	(4) 
P, (Ker(y)) = PG,,  (1 G) (using the (ii)(b) part of the definition) 	 (5) 
PG, (G3 ) = 1 	 (using the (ii)(b) part of the definition) 	 (6) 
PQ, (1 G ) = 	 (since G4 is of measure 1 and cardinality M). 	(7) 
Combining relations (4), (5) and (7), we obtain: 
PG, (1G4 ) = pG3 (Ker(y)) = PH(H) 	 (8) 
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Since G 1 is finite, compatibility in relation to the two short exact sequences has 
given two separate values for the measure of the connecting group H (in (3) and (8)). 
Equating these measures to give compatibility between the two short sequences 
gives 
F PG,  (G2) M Li 
2.2.4 The notion of a compatible system of Haar measure on an exact sequence 
which we have now defined and for which we proved Theorems 2.5 and 2.6 is 
canonical. By this we mean that, since Haar measure is defined up to scalar for any 
measurable group, the choice of scalar multiple in successive groups of an exact 
sequence which satisfy the necessary conditions can be made without losing the 
characteristics of Haar measure and yet obtaining the measure relationships of a 
compatible system. In Theorem 2.6 we imposed conditions of finiteness and 
compactness on certain groups in order to obtain the main result. In other exact 
sequences a compact group (finite measure) may be injected into a subgroup of zero 
measure, or a group of infinite measure (non-compact) may be mapped to one of 
finite measure. In such circumstances measure equations similar to those of Theorem 
2.6 would be undefined at some point since the scalar multiple required to establish 
compatibility would not be a finite non-zero number. 
However, we can seek to address this problem in certain short exact sequences 
0 	>G 1 	>G 	' >G3 	>0 
where the groups satisfy the following conditions: 
G1 is an infinite discrete group (and so not compact) with a function f1 on its 
elements taking values in the non-negative real numbers; 
G2 is a non-compact group with a function f2 on its elements taking values in 
the non-negative real numbers; 
G3 is a compact group. 
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Now, let 
the number of those elements of G 1 for which f1 takes values less 
than X and 
/1G2 (G2 , 	- the Haar measure of those elements of G 2 for which f2 takes values 
less than X. 
By extension of part (ii)(a) of the definition of compatibility in Section 2.2.1, 




provided that such a limit exists. We shall use this extension of the definition of 
compatibility in Sections 2.4.3 and 2.7.4. 
2.2.5 As an illustration of the use of compatibility of systems of Haar measure on 
exact sequences we cite the class number formula. Consider, for a number field K 
and its invertible elements K*,  the long exact sequence 
1 	>UK 	>K* 	>'K 	 >11  
where UK 'K CK  are respectively the unit group, the group of fractional ideals and 
the class group. We split the long exact sequence into two short exact sequences. 
1 	>UK 	>K* 	>K*/ UK 	>1 	Sequence I 
1 	>K*/ UK 	>'K 	>CK >1 	Sequence H. 
Now, we use equation (8) above and compatibility on Sequence II to obtain a 
measure for the Cokernel 
ji(K*I UK) =* 
	
(9) 
where hK  is the class number of K. To evaluate the compatible measure equations 
for Sequence I we shall use the extension to the definition proposed in Section 2.2.4. 
We shall evaluate measure on K*  by using its injection into the adèles of K. Let 
1u(K*, X):= the measure of elements with adelic values less than X 
#(UK ,X):= the number of units of absolute valueless than X. 
We now calculate these using Tate's approach in [T3] except that here, for a discrete 
prime, we give measure 1 to the integer ring (and not to its invertible subset). So, we 
have the following calculations of the measure of K at each of its completions: 
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at the completion of K at the s real infinite primes 	 2J = 2 log X; 
.IX 27r2dd9 








We obtain 	1u(K*, x) = 
25(27r)' 
(log X)3" fl I 1 - 
1 
dK 2 	Np<X'\ 	'WP 
where dK  is the discriminant of the number field (see [T3] where its inclusion is 
explained). Similarly, using the Dirichiet unit theorem and related results: 
#(UK,X) = 	(log X)s+t  x (1 + O((log X)')) 
R K  
where WK , R K  are respectively the number of roots of unity of K and the regulator of 
K. We can now give the alternative measure for the Cokernel to that of equation (9). 
u(K*,X) 
/i(K*/U )=lim 
x_#(U K ,X) 





(log X) x (1 + O((log X)')). 	(10) 
X—*od 
2 W )j( Np K K 
Now, if we were to equate the expressions of (9) and (10), using 
log  = e 7  F1  —p1)1 x  0 + O((logX))) 
p<X 
(where y  is Euler's constant) and taking the limit as X tends to infinity, we would 
obtain 
1 	25(27r)'RK , 	_____ -= e tim 
hK 	dK2WK 	5-41 
This is not the correct formula for the class number, but would be correct if the 
factor e 7 were absent. Therefore, the scaling of the Haar measures, which are used 
above, needs to be reconsidered. The intrusion of this factor will be seen again in 
Section 2.7 in the context of the use of compatible measure to study elliptic curves. 
At that point an argument will be given for its removal. 
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2.3 Haar measure on the groups of the elliptic curve exact 
sequence 
2.3.1 In Section 2.1 we introduced three groups related to an elliptic curve, namely: 
A:= E(Q)x E(Q) 
B:= E(A)= E(R)x flE(Q) 
U:= 1(C"B)/ -4. 
We proved in Theorem 2.4 that these three groups form part of a long exact 
sequence ending in the Tate-Shafarevic group III namely 
0–*A–*B–*U–* III -->0. 
In Section 2.2 we considered Haar measure identities on a long exact sequence 
0* G —* G2 —> G3 —> G4 *O 
with G4 finite. In order to use such Haar measure identities on the elliptic curve 
exact sequence, it is necessary to consider carefully the topological nature of each 
component group and, in particular, to verify that the conditions of Section 2.2 are 
met by each of these groups when using the results of that section. We shall do this 
in the course of proving two theorems which are critical to the arguments of this 
chapter. 
2.3.2 Theorem 2.7 Suppose that E(Q) has finite Tate-Shafarevic group III and that 
the long exact sequence of Theorem 2.4 is split into two short exact sequences, as 
follows (using W = Cokernel(a)): 
I: 0 	>A 
a  >B 	r > 	> 0 
11:0 	>W--L-* U — L---> 111 	>0. 
Then, in Sequence II, with III normalised to have Haar measure unity and with a 




For this theorem, we have imposed on III the condition imposed on G4 in 
Theorem 2.6, i.e. III is taken to be finite and so compact (and Hausdorff). 
The next group to be considered is W, the cokernel of the injective map 
W. 
a:E(Q)xE(Q)-+ E(R)xfJE(Q). 
We note that the first point of each element of the group E(Q) x E(Q) injects into 




P 	 (1) 
where the second part relates to the injection of the second point of group A into the 
restricted direct product of E over Q P for each non-Archimedean prime p. As an 
additive group Q P is locally compact since it is profinite (see, for example, [Hil] 
page 60). It is also the case that E(Q) is compact (see, for example, [0] paragraph 
29) and since the denominator is a subgroup of the numerator (it is injected at each 
valuation) it follows (see, for example, [Hil] Proposition 10 (TG)(ii)) that the 
components of Cokernel(a) at each p are compact. By the same subgroup argument, 
the quotient at the Archimedean valuation is also compact (since E(R) is compact). 
Using Tychonov's Theorem now gives Cokernel(a) compact. 
(iii) Next, we consider in exact Sequence lithe injection of Cokernel(a) into U and 
the mapping of U surjectively onto III. By the compactness of the first and third 
groups, shown above, one now has the compactness of U (see, for example, [Hil] 
Proposition 10(TG)(iii)). The finiteness of III gives the finiteness of the index of 
Cokernel((x) injected into U. 
(iv)Theorem 2.6, relating the Haar measures on Sequence II, now gives the result. 
2.3.3 Theorem 2.8 The group 
B =E(A)= E(R)xflE(Q) 
is compact. 
Proof [Note that the group E(Q) x E(Q) is compact if (and only if) the algebraic 
rank is zero.] The components of group B are both compact. In the case of 
flE(Q) 
compactness follows from Tychonov's Theorem (see Theorem 2.7). Using 
Tychonov's Theorem now gives group B compact. [The subgroup of group B which 
is lm(cc) is compact if and only if the algebraic rank is zero.] El 
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2.3.4 At this point we consider once more the possible finiteness of III, which was 
referred to in Section 2.3.2 above and adopted as an assumption in Theorem 2.7. In 
the rest of this chapter all of our results are for elliptic curves with finite III. 
It is known that III is a torsion group and it contains only a finite number of 
elements of order m for each positive integer m (see, for example, [C3] paragraph 
26). All elliptic curves over Q for which III has been determined have III finite and 
the order of III equal to the square of a positive integer. It was proved by Cassels 
[C2] that, if the order of III is finite, then its order must be a square. It is widely 
conjectured that III cannot be an infinite group (see, for example, [51] page 305). 
Looking at published results on III (for example, de Weger's [Wel]), it appears that, 
in general, the order of III is quite modest in relation, say, to the conductor of the 
relevant elliptic curve. 
2.3.5 We now consider in detail Haar measure on the group 
E(A) =E(R) x fl E(Q). 
It has already been seen that the cases where rank is greater than zero differ 
significantly from the cases where rank is zero. The treatment in the former case 
requires the introduction of Tamagawa measure. In [W2] Weil discusses the adelic 
situation, where the infinite product of Haar measures of a variety over the primes of 
a field does not converge. Weil refers to the need in such cases to introduce a set of 
convergence factors (defined at each prime) in order to obtain a convergent product. 
This adjustment to the Haar measure is the Tamagawa measure. We now give the 
definitions which are needed in this thesis: 
(i) let V be a non-singular variety, 
let w be a gauge-form (i.e. a non-zero holomorphic differential form) on V, 
let V be the set of points of the variety over the p-adic integers with 
P, (V) f cop , 
vzp  
then 	is called a set of convergence factors for V if the product 
11 ("P "up 
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is absolutely convergent. We are following the treatment used in [W2] where, 
although convergence factors are included for all valuations (i.e.{v}), in practice 
they are only relevant at the discrete valuations (i.e. {p)). 
(ii) if (2w ) is a set of convergence factors for V, the Tamagawa measure 
(co, (A,,)) on VA  (the adelic variety) derived from w by means of (2,) is defined as 
the measure on VA  inducing in each product 
fJVk x VZp 
the product measure 	 [1(2;' 1u). 
Here S is a finite set including all Archimedean valuations. (We have omitted from 
Weil's definition a factor of dj" , where dK  is the discriminant of the number 
field K, as this is unity for Q.) 
We return to the group E(A) and examine its measure as the product of the measures 
of E over the completion of Q at the Archimedean valuation ( R or Q) and over 
the completions of Q at each rational prime integer p ( Q ). Here, we shall adopt the 
approach of Tate in [T4] (although he uses slightly different notation and considers 
the number field K rather than Q). 
Lemma 2.9 The canonical Haar measure of the group E(A) (written as B), provided 
that it is finite, is 
j_ -f- . 	 (2) 
bad primes 	P 	good primes P 
Proof The canonical measure for each valuation is taken as the integral of the 
invariant (first order) differential co over the points of E defined at that valuation. co  
induces such a local measure (see for example, [W2] and [BSD2] ) . Thus 
Co = f(x)dx gives co = f(x)(dx). 
Using this induced measure: 
41 
$ lcol,= 	$ l col = Q, 	for the Archimedean valuation, while 
PcE(Q,) 	 PEE(R) 
N 
	
J wi,, = -p-, 	for the valuation p at a good prime 
PEE(Q) 
(N I)CP  
= 	, for the valuation p at a bad prime. 
P 
The reduction of one at a bad prime reflects the exclusion of the singular point. To 
obtain the integral over all points, (as shown in [T4]) we multiply at bad primes by 
C  ,, = [E(Q) : E0 (Q)]. [This is the "fudge factor" (as described by Swinnerton-
Dyer in [SD2]).] 
The canonical Haar measure of E(A), provided that it is finite, is the product of each 
of the local measures: 
c(N_1) j_ 
PB(B) - Q fl 
bad primes 	P 	good primes P 
Commenting on this Lemma we remark that in his definition of NP  . Tate excludes 
the singular point. That notation does have advantages in some respects but no 
longer seems to be widely used. Also, Cassels (in [C3] paragraph 29) adopts a 
different approach to the fudge factor. In the case of the fudge factor we have 
adopted Tate's approach since we are seeking to obtain a canonical system of Haar 
measure. Tate introduces the c,, factors in a natural way, when developing the 
measure of the group of the elliptic curve over the p-adic field. In Cassels' 
formulation, the measure of that group does not seem to include such a factor. 
Clearly, one cannot say that either approach is invalid, since the objective is to 
construct a Haar measure on the group and they are scaling in different ways. The 
introduction (or exclusion) of small positive integer multiples at a finite number of 
bad primes does not affect the principles of Haar measure. Either approach will 
result in an infinite product over all p for those elliptic curves of non-zero analytic 
rank, which can be seen by taking the value of the L-series at s = 1. Implicit in this is 
the assumption (referred to in Section 1.6.4) that the L-series can be continued 
analytically as the Euler Product to s = 1. The infinite product will be finite if and 
only if rank is zero (according to the Conjectures). So, it is now necessary to 
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introduce a set of convergence factors 	to be applied at each valuation in order 
to make absolutely convergent the product of local measures 
ri AVPB,V( B ) . 
Proposition 2.10 A set of convergence factors for the group E(A) (written as B) is 
2 =(1_p')-r 
applied at each discrete valuation p and where r*  is the analytic rank of the 
Mordell- Weil group E(Q). As a result, the canonical Tamagawa measure on E(A) is 
PB(B)- Q Tj 
c(N_1)
F1 N
p  (1_p1)T*. 
bad primes 	p 	all primes P 
Proof The analytic rank r*  is defined as the order of the zero at s = 1 of the L-series. 
Since the Riemann zeta function has a pole of order one at s = 1, we note that the 
product of the L-series and r*  copies of the Riemann zeta function has a finite non-
zero value at s = 1. The canonical Haar measure on the group B in Lemma 2.9 equals 
the reciprocal of the formal value of the L-series at s = 1 up to a finite non-zero 
multiple. So, the application at each discrete valuation p of - _1P 
 
where r*  is the analytic rank, has the effect of making the product convergent as 
required. The result is the canonical Tamagawa measure of the group (using the 
chosen set of convergence factors). U 
2.3.6 If A is not a finite group, then in the discrete topology it is locally compact but 
not compact. In such circumstances, if we are to adopt the approach to compatible 
measure which is given in Section 2.2.4, then it is necessary to determine some 
function f1 on this group (taking values in the non-negative real numbers). We also 
seek to obtain a canonical Haar measure on its image Im(a) in group B in order to 
obtain the results required. Following Havin and Nikolski [HN1], we choose to 
define the measure uA  of a set A * c A as the number of elements of the set. [HN1] 
state that if A is discrete this gives a Haar measure on the group. The usual criterion 
that the measure of the group is finite if and only if the group is compact follows 
trivially here. This system of Haar measure is canonical. 
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To apply this system of Haar measure we suppose that Xis some bound on the naïve 
height H of a point P of E(Q) where 
H(P):= max {t,u} where the x - coordinate of P = and gcd(t,u) 1. 
Now we have the following Proposition based on results of Néron [N2] and Zagier 
[Z I] where more comprehensive proofs are given. 




(log X) 2  x (1+0(r(logk))) 
R 2 (i)! 
where r is the algebraic rank, T is the torsion group and R is the regulator of E. 
Sketch of proof E(Q)/torsion is a lattice A in real r- dimensional space. The number 
of lattice points in an r-dimensional hypersphere, of radius a, is 
r 
Ir 2  a r 
(L)t 
 x (1+O(a')) 
2 
where the constant in the error term is linearly dependent on r. We write h for log H. 
Now, h differs from h the positive definite quadratic form on the lattice by a 
bounded amount and the fundamental domain of the lattice has volume R. So, the 
number of points in the lattice with h < log X tends to R x (volume of a r- 
) as X -~ . Hence, the result follows. 	LI hypersphere of radius (log x) 
This result states that the number of points of height less than X is a constant times 
the 
(j.)th 
 power of the logarithm of the bound X (subject to a relative error). As a 
result, it can be seen that the number of points of the first group of the exact 
sequence, E(Q) x E(Q), of height less than X is a constant times the nh  power of 
the logarithm of the height X(of the "higher" of the two points) with relative error 
O((logX) 
This may also be expressed in another and more useful way (using identities which 
are discussed in Section 2.6 and where the f, of Section 2.2.4 is naïve height H) as 
#[(J,P2 ) EE(Q)x E(Q) IH < x} = Kfl(l_pj T x (l+O((1ogX)). (3) 
p< X 
Here, KE  is a scalar constant depending on r, I1 and R. Thus the Haar measure on A 
as defined gives the right hand side of this equation as an approximation for the Haar 
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measure of the subset of pairs of points with both points of naïve height less than X 
The relative error in the approximation is asymptotically zero as X tends to infinity. 
The concept of canonical height (Néron - Tate) was used (implicitly) in the proof of 
Proposition 2.11. 
In Section 2.5 and subsequently, we shall consider the Haar measure on Im(cx) in B 
by reference to the set of points of A with which there is an isomorphism. Thus, the 
points of Im(a) inherit from A the notion of height and we use this to relate one 
system of Haar measure to another system in the group E(A). 
2.3.7 The systems of Haar measure and Tamagawa measure developed in Section 
2.3.5 (for E(A)) and of Haar measure developed in Section 2.3.6 (for E(Q) x E(Q)) 
are canonical. Since Haar measure is unique up to positive scalar multiple, it may 
become necessary to introduce scalar multiple(s) at some point(s) in order to link the 
various equations which relate Haar and Tamagawa measure between groups in a 
sequence. However, in doing this we should seek to employ only natural adjustments 
consistent with compatibility. 
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2.4 The rank zero case and the number of copies in group A 
2.4.1 So far in this chapter 
we have established a long exact sequence (of groups we defined in Section 2.1) 
related to an elliptic curve 
0—> A —*B-- U—>III— O; 
we have defined the concept of a compatible system of Haar measure for general 
exact sequences and given results related to such a system (Section 2.2); and 
we have defined canonical systems of Haar measure for the long exact sequence 
(Section 2.3). 
We wish to use these to study the Conjectures. It is pertinent to ask (i) why we 
choose to begin the long exact sequence with two copies of E(Q) since we could 
define other long exact sequences using any other positive integer number of copies 
(with suitable changes to the maps and the definition of equivalence classes for U) 
and (ii) why we choose to inject the first copy into E(R) and the second copy into 
the restricted direct product of E over the p-adic numbers (p discrete). Before 
considering answers to these questions (in Section 2.4.3 below), we shall examine 
the specific case of rank zero elliptic curves. 
2.4.2 Theorem 2.12 If the Tate-Shafarevic group is finite then, in the case of elliptic 
curves of rank zero, the Birch / Swinnerton-Dyer Conjectures are equivalent to a 
compatible system of canonical Haar measure on the long exact sequence of 
Theorem 2.4. 
Proof For curves of (algebraic) rank zero, the results of Kolyvagin, Kato and others 
prove that analytic rank is also zero (see Section 1.5). In addition, group A is finite 
and group B does not require a set of convergence factors. We note also that, since 
III is finite and using Theorem 2.7, the conditions of Theorem 2.6 are satisfied by 
this long exact sequence. From Section 2.3: 
group A has cardinality 171 2 ; 
group B has canonical Haar measure 
QFJ c (N —1) N p 	p 	 p (Lemma 2.9); and 
bad 	P good P 
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1 
(iii) group Whas measure 
using the measure 1 for III and a system of compatible measure on the 
sequence O-->W--U--III--*O (Theorem 2.7). 
However, W B/Jrn(a) and so, as a injects A into B, we see that another measure 
of W(using part(ii)(a) of the definition of compatible measure) is 
	
211 	ll•  good P bad 
Both approaches to the measure on W have been canonical, the latter viewing W as 
the final group of the short exact sequence 
O — A -- B ---* W*O 
and the former viewing Was the first group of the short exact sequence 
0 —> W— U-> III ---*O. 
The definition of compatibility of measure on a long exact sequence requires the 
equality of these two canonical measures, namely 
bad 	P 	good P 
This is exactly the same as the statement of the Conjectures for the rank zero case, 




1 71 "1 2 
(since R = 1 for all elliptic curves of 	rank zero). 	 LI 
To summarise this argument, we have shown that if two copies of E(Q) are used 
then, in the rank zero case, canonical Haar measure on each of the groups gives a 
compatible system of Haar measure on the long exact sequence, which is equivalent 
to the Conjectures. This would not be the case for any other number of copies since 
the power related to the torsion group Twould not be a square. 
2.4.3 The analysis of Section 2.4.2 gives an argument based on a specific case (rank 
zero) for examining closely the long exact sequence commencing with two copies of 
E(Q). However, if this exact sequence is to be of value, more general arguments 
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(independent of rank, for example) must be provided. Our method is based on 
considering relationships between canonical systems of measure on certain of the 
groups in the sequence. For these relationships to be defined in all cases, we claim 
that exactly two copies must be used. 
First, we give the reason for choosing to inject the first copy of E(Q) into E(R) and 
the second into the restricted direct product of E over the p-adic fields (p discrete). It 
is clear that this injection is arbitrary. However, the measure equations of Section 2.2 
should be invariant under the different combinations of injecting copies of E(Q) into 
E(A) and we have chosen that which gives convenient expressions (for example, in 
the proof of Theorem 2.7). 
With regard to the number of copies, the following reasons are given. 
(i) In [Z I] Zagier uses one copy only. We therefore begin by showing why this does 
not give compatibility based on canonical systems of measure on the long exact 
sequence. We split this sequence (as in Theorem 2.6) and in the short exact sequence 
O—A--*B— W—O 
compatibility requires the measure of the group W to be finite (Theorem 2.7). 
Suppose that there was only one copy of E(Q) in group A. Then W would be 
isomorphic to E(A)/E(Q) and its measure would be the Tamagawa number of the 




is not finite. Consideration of Weil's equation for Haar measure on a quotient group 
(see [HIN1]) strongly suggests that this is the case for those elliptic curves where 
algebraic rank is known to equal analytic rank (both non-zero). We also note, using 
the notation introduced in Section 2.1.1, that 
E(A)= E(R)eE(A 1 )DE(Q)E(A). 
So, 	 p(W) = 	Jia)i ~! 	Jiwi 
E(A)/E(Q) 	E(A 1 )/E(Q) 
Again, Weil' s equation strongly suggests that the second integral would be infinite if 
the analytic rank exceeded the algebraic rank. Thus, unless this improbable situation 
occurs, one copy of E(Q) gives an inconsistency in the measure equation. Note that 
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this inconsistency would not arise in the rank zero case, but here we would be 
simply scaling the measure of group A by a factor equal to the cardinality of the 
torsion group of E(Q). 
(ii) We now consider the possible implications on compatible measure of n copies 
of E(Q), where n is a positive integer. 
Theorem 2.13 Consider the long exact sequence 
0 	> fl E(Q) 	>E(A) 	>u 	>111 	>0. 
n Copies 
Compatibility of measure On this sequence (as extended in Section 2.2.4) in the 
general case requires that n = 2. 
Furthermore, compatibility of measure (as extended in Section 2.2.4) also requires 
the equality of algebraic rank and analytic rank. 
Proof We shall use the expression of Section 2.2.4 to define a compatible system of 
measure when the first group of a short exact sequence is not finite in order to 
establish compatible measure of W, which is expressed as the limit as X —> co of the 
ratio of #(G, , x) and PG,  (G2 , x), provided that such a limit exists. For #(G,, x) 
we use the n h power of the number of points of E(Q) with height less than X 
(derived from Proposition 2.11). For PG,  (G2 , x) we take the results on the measure 
of this restricted direct product for the infinite prime and for all discrete primes less 
than X (from Proposition 2.10). This gives as an expression for compatible measure 
of W (assuming, without loss of generality, that the first copy injects into E(R)). 
11 c (N P —1) 	N 
lim ________________ bad
P goodp<X P x (1+0((logX))) 
X-+oo K 1 fJ(i 
- 	
) 
2 	 [1(1 - 	
)( flI) 
p<X 	 p<X 
nr 
K2  lim fl(1_p)2 
p<X 
Here, K 1 , K 2 are finite real constants related to the characteristics of the specific 
elliptic curve. For compatibility of measure on the long exact sequence of Section 
2.1 we require that this measure of W and that obtained from Sequence II (in 
Theorem 2.7) be equal. However, since we assumed that the Tate-Shafarevic group 
is finite, the latter is finite and non-zero. Therefore the expression given above must 
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be finite and non-zero in the general case of r, r* taking non-negative integer values. 
By considering the possibility of odd values for r or r* we see that it is necessary 
that n = 2. Now, we can use the finite, non-zero argument again to see the necessity 
of r = r *. The imposition of a compatible system of Haar measure in the general case 
therefore requires both (i) the use of exactly two copies of E(Q) and (ii) the equality 
of algebraic rank and analytic rank. Li 
(iii) Tate, in [Ti], seeks inter alia to give an extension of the Conjectures to a 
general number field, K. The expression of the Conjectures for a variety A(K) which 
Tate chooses includes the dual Abelian variety. Tate's statement of the Conjectures 
applied to a number field is given in Section 1.4.3 (where the terms are defined) and 
is repeated here. 
IIIIxdet(a,a) (_1)r 
ass 	1. L*(s) 	
A'(K)tors A(K) tors X 
Tate uses this form since he wishes to make the statement invariant under isogeny. 
In the special case of Q, the variety is canonically self-dual (see [SDI]). In effect, in 
group A of our exact sequence we are using one copy of E(Q) and one copy of the 
dual E'(Q), to which it is isomorphic. 
2.4.4 The relationship discussed in Section 2.4.2 and the arguments of Section 2.4.3 
are not claimed to be the basis for proof of a Theorem that algebraic rank and 
analytic rank are equal. Their purpose is to support our claim that a compatible 
system of canonical measure on the long exact sequence is equivalent to the 
Conjectures. We have now shown that the long exact sequence has strong 
connections with the conjectures of Birch and Swinnerton-Dyer in the case of rank 
zero. In the following Sections of Chapter 2 examples are given of some other strong 
connections with the Conjectures. 
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2.5 Support for the equality of analytic and algebraic rank 
2.5.1 In this Section, the connection between the exact sequence and the conjectured 
equality of algebraic rank and analytic rank will be explored further. We have 
already shown in Theorem 2.13 of Section 2.4.3 that compatibility of measure as 
defined requires exactly two copies of E(Q) in the exact sequence and also the 
equality of algebraic rank and analytic rank. In Section 2.5.2 we give another 
argument which uses our notion of compatibility and also seems to offer 
considerable support for the conjectured equality. However, the argument takes a 
measure where X is finite and considers the limit as X tends to infinity, which is 
infinite when rank is non-zero, prior to introducing convergence factors. It is noted 
in (vii) of Section 2.5.2 that this is a defect. 
2.5.2 We shall use the results already established in Sections 2.1 and 2.3 and apply 
them to Sequence I, together with a theorem of Weil from [W2]. 
Theorem 2.14 (Weil) Let G and g c G be algebraic groups defined over k Suppose 
that the map F: G -)~ Gig satisfies two conditions: 
the map F admits local cross sections (in the sense that, for each PEG/g, there 
exists a map q5. Gig -p G, rational over k, such that F oØ, = identity); and 
the density condition is fulfilled (i.e. the k-rational points of G are Zariski-dense 
in G). 
Suppose also that there are three sets of convergence factors (1i,), (u),  (vu ) for k 
relating to G, g, Gig respectively with 2 = jç. v. Then, if  two of the three sets are 
sets of convergence factors for their respective groups, so also is the third. 
We now give the argument based on this Theorem. 
In our case the field k is Q and, according to Weil (see page 25 of [W2] ), the 
density condition is automatically satisfied if the field under consideration is a 
number field, such as Q. 
Consider the short exact Sequence I of Theorem 2.7 
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Ui 
0 	>A aB 
Ir >W 	>0. 
From Theorem 2.7, W is compact (and of finite Haar measure). As a result, the 
Tamagawa measure of W requires the trivial set of convergence factors (1), that is 1 
at every discrete valuation. 
The map 
ir:B— W 
admits local cross-sections. To see this let P (which here is { i + Im(a)] writing the 
group additively) be a coset in Wand let P E E(A) with P =P + P" for some P" 
in Im(a). The rational map 
q$:P - B given by çb:P+P" (in P)—* P + P " (in B) has 7r oq, = identity. 
Recall that 7c is surjective. Thus, the conditions of Weil's Theorem are met, with B 
as G, Im(a) as g and Was G/g. 
As discussed in Section 2.3.5, the set of convergence factors for the group B is 
0 _p 1 ) -' ) for p=2, 35..... 
As a result, Weil's Theorem shows that for Im(a) (= g) the set of convergence 
factors must be the same as the set for B (= G) given in (iv) above. 
Let Im(a,X) be defined as the image in B under a of the elements of group A, or 
E(Q) x E(Q), with the height H of neither of the pair of points exceeding X Using 
equation (2) of Theorem 2.6 relating to the compatibility of measure on the short 
exact Sequence I and equation (3) of Section 2.3.6 prior to introducing convergence 
factors we obtain 
PB (Im(a,X)) = ,uA ({(F,P2 ) EE(Q) x E(Q) :H(f) < X, i = 1,2}) 
= KEfl(l—p)t x (1+0((109X))). 
p<X 
So, as Im(a) = urn Jm(a, X) we can consider (again without convergence factors) 
pB (m(a)) = 11mJUB(Im(a,X)) = limKfl(1_pj x (1+0((1ogX))), 
p<X 
which is clearly infinite when algebraic rank is greater than zero. The error term 
arises (a) since the count on the latter set is only accurate up to a relative error 
(discussed in Section 2.3.6) and (b) since the product is used as an approximation to 
log X. However, one notes that the error term tends to zero as X tends to infinity. 
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Now, applying to g the same convergence factors as we applied to G gives for 
the Tamagawa measure of g 
urn KE  fJ(i - _i )r_r x (1+0((logX) )). 
p<X 
As a result, and since the Tamagawa measure is finite, so also is this limit and as an 
immediate consequence it follows that r* >_ r. Note that, in taking this limit, we 
have effectively multiplied an infinite measure (when rank is non-zero) derived from 
(vi) by the convergence factor, although the measure in (vi) was not an adelic 
measure and convergence factors are relevant to adelic measure only. 
Similarly, if we use on Im(a) the set of convergence factors 
((l _ P-
1y) for p2,3,5,..., 
in order to obtain a finite non-zero Tamagawa measure, again by use of Weil's 
Theorem, one sees that the same set of convergence factors must apply to G. This 
gives r ~: r*. 
Thus, this argument supports the conjecture that r = r*, i.e. the algebraic rank 
is equal to the analytic rank for an elliptic curve over Q. 
2.5.3 To overcome the defect to which we have referred it would be necessary to 
make the assumption that Tamagawa measure can be extended to non-adelic 
measures in the circumstances where we are measuring the isomorphic image of a 
non-adelic group in an adelic group. 
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2.6 The Euler= Mertens adjustment 
2.6.1 At various points in this thesis, expressions are used such as 
[T(i — pj 
peX 
or its reciprocal, or the value of either at s = 1. There is a significant difference 
between 
fJ(i—pj and 
p<X 	 n<X 
i.e. the Euler product restricted by a bound on p differs from the sum to the same 
bound. However, the ratio of these two expressions for s> 1 tends to 1 as X tends to 
infinity, and we note that 
fJ(i—p)' =C(s)=>n-  fors> 1. 
primes 	 n=I 
2.6.2 By elementary calculus 
log X+O(1). 
n<X 
Mertens (see Hardy and Wright [HW1] Theorem 429) showed that 
fl(i—p')' = eT logXx (1+0((logX)T')) 
p< X 
where  = 0.57721.. is Euler's constant. It can be seen that the ratio of the product 
and the series at s = 1 does not tend to 1 as Xtends to infinity. This Section 2.6 seeks 
to address the problems caused by the anomaly at s = 1. 
2.6.3 Consider for s ~: 1 the function 
JJ(i—pj 
P(S) = hm 
p<X 
X-4m 	 fl- 
n<X 
As seen in the two previous paragraphs, the function exhibits discontinuous 
behaviour at s = 1, since here it equals ey = 1.78.. while for s > 1 it equals 1. By 
means of a neat trick, one can create a similar function which avoids this 
discontinuity. A similar idea occurs in Riesel [Ru] on page 67. 
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Theorem 2.15 The function 
fl(i — pj 
a(s) = urn 
x—+o) 	 fl- 
n<X 
is right continuous at s = 1 and continuous on s> 1. 
Proof Using Mertens' Theorem the product (i.e. the numerator) at s = 1 equals 
eT log(Xer) x (1 + O((log(Xe 
" 
))')) = log X x (1 + O((log X))). 
By considering the integral of x', the sum (i.e. the denominator) at s = 1 equals 
log(X) + 0(1). 
For s> 1, both numerator and denominator converge to c(s) and so, for both s = 1 
and s> 1, the limits of a are equal to 1. This gives the limit right continuity at s = 1 
and continuity for s> 1. U 
The behaviour of this function for s < 1 is not considered here. 
2.6.4 The Conjectures are concerned with behaviour of Dirichlet series and Euler 
products as s-+1. The L-series may be viewed both as an Euler product and also as a 
Dirichlet series. If one terminates series and product at X and Y, respectively, thus 
X 	 I 
1 	 -s 	1-2s 
- - t p + 1-2 
	
--and1J 1 	-s 	 çp+p 5) 
n=1 n 	badp 	ltpP p<Y 
where Y is greater than the largest bad prime, then the bound X on the series is 
effectively a bound on the height of the integers being taken into consideration. 
Theorem 2.15 suggests that the series taken to X should be equated to a product 
taken to Y= XeY  (or, log  = e 7 log X). 
This convention is used later in the thesis and described as the Euler-Mertens 
adjustment. 
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2.7 The constants in the case of rank greater than zero 
2.7.1 In Section 2.4.2, where we studied the case of rank zero, the compatibility of 
the canonical systems of Haar measure introduced in Section 2.3 was shown to be 
equivalent to the Conjectures, including the predicted constant. We now seek to 
show a similar result for the case of rank greater than zero. This analysis, while not 
proof that the constant takes the value predicted in the Conjectures, shows that the 
constant is the same as that derived from a compatible system of canonical Haar 
measure. 
2.7.2 Proposition 2.11 gave the relation between the number of points and height 
r (log 
 X) x (1+O((logA)), #{ EE(Q)H(P)< x} 
= R(j)! 
where r is the algebraic rank, T is the cardinality of the torsion group and R is the 
regulator. The multiple giving the volume of the r-hypersphere in relation to the rth 
power of its radius varies with r and so, for the purposes of defining the scalar for 
Haar measure on the quotient group (as in Section 2.2.4), we normalise the density 
using a scalar multiple. Our normalisation gives the adjusted count (ignoring the 
error term) of the points of E(Q)IT in the unit log X r-hypersphere of R (which is 
unity when rank is zero). This normalisation does seem to be natural. 
2.7.3 Using the normalisation of density discussed in the preceding paragraph and 
the result of Mertens (see Section 2.6.2) gives for the points with naïve height of less 
than X in the group A, or E(Q) x E(Q), a normalised count equal to 
p<X 	 11 
X I1r(IogA) - (J  
2.7.4 Theorem 2.16 For an elliptic curve over Q and of rank greater than zero, the 
constant predicted in the Birch / Swinnerton-Dyer Conjectures is equivalent to that 
resulting from a compatible system of canonical Haar measure. 
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Proof We use the normalisation introduced in Section 2.7.2. As in the rank zero case 
in Theorem 2.12, we equate the measure of the group W determined as the final 
group of one sequence and as the first group of a second sequence. We do not use a 
non-trivial set of convergence factors. 
Without convergence factors but using the extension of the definition of 
compatibility introduced in Section 2.2.4, the measure of W (as B/Irn(a)) becomes 






x (1+0((lo)). (1) 
badp p 	p<X p  
Combining the two products over primes less than X (and provided that analytic rank 
and algebraic rank are equal) gives a convergent product (Proposition 2.10). If (as in 
Theorem 2.12) we equate this measure from the first sequence to the measure of W 
obtained from the second sequence it would show equivalence to the Birch / 
Swinnerton-Dyer constant for the elliptic curve E, but for the presence of the factor 
el . [We see this factor also in Goldfeld's paper [Go 1].] 
To address this factor we now apply the Euler - Mertens adjustment. We regard the 
measures on the groups Im(a) and B to be taken as limits as X and Y respectively 
tend to infinity, with log Y = e 7 log X. 
Accordingly, rewriting (1) in a slightly different form and omitting, for convenience, 
various error factors which tend to zero, equating it to the measure of W obtained 
from the second sequence in Theorem 2.7, namely 
1 
and incorporating the Euler - Mertens adjustment, 




1 	 badp 
I
N 	_p<Y P 	bad pN 
= 
- T2I 
	 171 log Y=e 7 log 	—'-(iog X)r 
R 


















x lim J_J 
N ( 1 _ p_1)r 




N ° —i limfl N 
 
--fJ(i_p')'. 
171 2 	bad 	P 	- good P p<Y 
p<Y 
So, where L(E, Y, s) is the Euler product restricted to primes less than Y, we have 
RQIIIIIH c, 
lim limL(E, Y,$)fJ(i 
- 	 = 	badp 	 (2) 
Y-) , o s-+I p<Y 	 712 
We can expand the Euler products of (2) as Dirichlet series. For each prime p, this 
would give an infinite series. However, since we are concerned with s ~: 1 and the 
coefficient of p'3  is 0(p), we can subtract the terms for t> 2 (which have a finite 
sum over all primes) to give a finite series over the primes less than Y. Using the 
notation n/Y for the finite number of cube-free positive integers n with all prime 
factors less than Y, we now have 
a 
urn I -- = urn lim I --  =K3 , some constant. 	 (3) 
fl 	Y - o s-1 .1y n s 
Here ( a ,, I  are the coefficients when the product on the left hand side of (2) is 
expanded as a Dirichlet series. So, the series 
Y  an 
n=I 
is convergent and, since independent of s, is trivially uniformly convergent on s E 
[1,co). By Abel's test for uniform convergence, if L0=1f(s) is uniformly 
convergent on s e T = [a,b] and if g (s) is uniformly-bounded on T and a real-
valued function which, V n E N, satisfies g (s) ~! 9 1 (s) Vs E T, then 
El l fn  (s)g (s) is uniformly convergent on s e [a,b]. Now, writing 
we have, by Abel's test, uniform convergence on [1,co) for 
 a. CO (S)&  (s)
= 
n=1 
This result, together with the continuity of the relevant functions, permits us to 
interchange the order of taking limits in (2) (see Apostol [Al] Theorem 13-3) and 
we can write 
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lim urn Y - = K3 . 
s*1 Y-+w 	fl  nly 
This gives 
RQIIIIIU c , 





RK21IIIfJ c p 
- 
Hence, limL(E,$)(s - i)' = limL(E,$)(ç(s)) 
r 	 badp 	RC III 
- 	 _____________ 
5-31 	 s-+1 
	
- 71 2 - 	11 2 
where 
	
C= JJc U 
badp 
Thus, as in the case of rank zero, one sees that the constant predicted by the 
Conjectures is the same as that obtained with the use of a natural and compatible 
system of Haar measure on the exact sequence of Section 2.1. 
2.7.5 We are now in a position to state the Theorem which encompasses the main 
results given in this chapter. 
Theorem 2.17 For elliptic curves over Q the Birch / Swinnerton-Dyer Conjectures 
are equivalent to the conjecture that the curves conform to a compatible and 
canonical system of Haar measure on the long exact sequence of Theorem 2.4. 
Proof For the constant when rank is zero, see Theorem 2.12. For the equality of 
analytic rank and algebraic rank, see Theorem 2.13 and Section 2.5. For the constant 
when rank is greater than zero, see Theorem 2.16. 	 U 
2.7.6 We recall that the L-series of an elliptic curve is invariant under isogeny (see, 
for example, [Si] page 363). As a consequence, the constant of the Conjectures 
should also be invariant under isogeny and it is known that the constant predicted by 
the Conjectures has this property. Apart from those parameters related to the elliptic 
curve which are included in this constant, there are other parameters which do not 
appear. These include (i) N, the conductor; (ii) A, the discriminant; (iii) the Selmer 
group SO for each isogeny qi; and (iv) the Picard group (and its subgroups). 
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2.8 Extension of the thesis from the rationals to a general 
number field 
2.8.1 Up to this point in this thesis, specifically in Sections 2.1 and 2.3 to 2.7, the 
elliptic curve under consideration and its Mordell-Weil group have been defined 
over Q, the field of rationals. Early research on the Conjectures (for example, by 
Tate [Ti]) recognised that it should be possible to extend the L-series concept to a 
number field K and to state more general conjectures relating to this L-series. 
2.8.2 First, suppose that p is a prime of K with norm q P and that, over the finite 
field F, the curve E has q  +1— t, points. One can define 
L(E/K,$) := fl (i - tpq;s)' 	(i - 	+ q25). 	 (1) 
	
bad p 	 good p 
This is shown in [S3] on page 171. Similarly, as seen in the stated references, one 
can define 
c, := [E(K) :Eo (Kp )] ([S3], page 364), 
III : = Ker{WC(E/K) 	> fl WC(E / K,)} ([Si] page 297), 
and 	 R E/K := det((f,Pj )) ([Si] page 233). 
The Mordell-Weil Theorem (in Weil' s generalisation) shows that there is a finite 
torsion group T and a finite rank r. Now, it is apparent that the Q-rational statement 
of the Conjectures can be replaced by a similar K-rational statement. 
2.8.3 Theorem 2.4 is a proof of the existence of an exact sequence for E/Q. 
However, the substitution of K for Q and p for  does not affect the argument and so 
one has the analogous exact sequence 
O—E(K)xE(K)—flE(K)—U—* III —*O. 
Section 2.2 is not concerned with elliptic curves specifically. 
2.8.4 In Section 2.3 we addressed the question of the existence of Haar and 
Tamagawa measure on the groups of the elliptic curve exact sequence. Now the 
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adoption of a number field in place of the rationals does affect the argument. Firstly, 
a point P in E(K) cannot have height H determined in the conventional naïve manner 
(see Section 2.8.5 below). Secondly, there is more than one Archimedean valuation 
on K and so there needs to be an adjustment to 
.1 dx  F = Q (see Section 2.8.6 below). 
Yl 
Other aspects of our approach can be applied in the case of a general number field, 
subject to p becoming p or q P at discrete valuations, as appropriate. The factor 
dK 112  referred to in Section 2.3.5 occurs in the expression of the Conjectures. This 
can be seen in [SDI] which, for A an Abelian variety of dimension one, gives the 
Conjectures in the form 
2dK2IIIIdet(h(I,1')) (
s - 	ass -* 1, L*(A,$) 	
A(K)torsA'(fltors 
where n is the number of the complex infinite primes of K. This is similar to Tate's 
form given in Section 1.4.3. 
2.8.5 Silverman, in [5 1], gives a definition for the height of a variety defined over a 
number field K, and also extends the canonical height h to this case. His proof that 
canonical height gives a quadratic form on E is expressed over a number field. Thus, 
the Néron formula for the number of points in the E(K)/T lattice remains unaffected. 
After normalisation the point count formula of Section 2.7.3 remains 




2.8.6 The multiplicity of Archimedean primes requires the use of 
1-I JkoI 
v,Arch. E(K) 
in order to evaluate Haar measure at these primes and is demonstrated, for example, 
by Parshin and Shafarevic in [PSI], page 259. 
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2.8.7 In the discussion of the relationship between the exact sequence, algebraic 
rank and analytic rank (Section 2.5), we conjecture that mutatis mutandis the same 
arguments may be applied in the case of a general number field. Our principal 
interest is in the field Q, but it may also be possible to use similar arguments to 
those used for Q in order to show that the constant of the Conjectures in the number 
field case is consistent with natural and compatible systems of Haar and Tamagawa 
measure. 
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Chapter 3 The distribution of rank 
3.1 Explicit formulae and bounds on rank 
3.1.1 In this Section 3.1 we shall examine the relationship between the conductor of 
an elliptic curve over Q and the possible values of rank which can be taken by a 
curve of that conductor. In order to do this it is necessary to assume the equality of 
algebraic rank and analytic rank. In addition, we shall also assume the Taniyama-
Weil Conjecture (which, as mentioned in Section 1.2, is now understood to have 
been proved recently) and the Riemann hypothesis for elliptic curves. This is the 
hypothesis that all complex zeros s with 0 < SR(s) < 2 of the L-series, L(E,$), of an 
elliptic curve E lie on the line 91(s) = 1. In order to compare the theorems and 
hypotheses we study some specific elliptic curves, some of which are from 
unpublished sources. The table on the next page gives details of certain elliptic 
curves for some values of rank r up to 23. For each elliptic curve in the table the 
rank is not less than r and the curve has the least conductor for that property amongst 
the elliptic curves of which the author is aware. For convenience we refer to each of 
these curves as the favourable elliptic curve of rank r. The table also states whether 
we know that the rank is exactly that level. The table gives other information which 
is discussed in Section 3.1.2. In the cases of rank 6 and rank 7, the favourable elliptic 
curves were identified by the author. More details of these two curves are therefore 
included in Section 3.1.6. 
3.1.2 It follows from the definition of the favourable elliptic curves that the higher is 
the rank so the higher is the level of conductor. However, note that large conductor 
does not imply high rank and there exist zero rank curves of arbitrarily large 
conductor. An upper bound on rank of an elliptic curve (over Q) for given conductor 
N can be quantified using an explicit formula developed by Mestre [Ml]. Mestre's 
result is conditional on the three conjectures/hypotheses referred to in Section 3.1.1. 
The details are given in his paper and we shall not reproduce them in detail. 
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Favourable Elliptic Curves 
Rank N log(N) Bound** Source 
0 11* 2.4 2.4 [Cr1] 
1 37* 3.6 3.6 
2 389* 6.0 5.4 
3 5077* 8.5 8.0 
4 501029* 13.1 11.2 [BM1] 
5 19047851* 16.8 14.9 
11 
6 8.80x 10 9 * 22.9 18.9 Section 3.1.6 
7 1.99x 10 12 * 28.3 23.3 
11 
8 1.79x 10 15 * 35.1 28.0 [Ml] 
9 7.00x 10 19 * 45.7 32.9 
10 5.18 x 10 22 * 52.3 38.1 
11 1.80x 10 24 * 55.9 43.5 
12 2.70x 10 29 * 67.8 49.1 
14 3.63 x 10 37 * 86.5 60.9 
15 1.64x 10 56 * 129.4 67.0 [M2] 
19 1.37x 10 65 * 150.0 93.0 [Fl] 
22 2.27x10 79 182.7 113.7 [F3] 
23 2.27x10' 210.4 120.8 [MM1] 
* indicates that we know that the rank is exactly that stated. 
** is the bound on log(conductor) for that rank deduced by Mestre's method. 
His method is based on the contour integration of a function derived from the L-
series and its first derivative, together with a function c1, the Fourier Transform of a 
test function F (which is an even function with F(0) = 1 and satisfying other 
conditions). Mestre proves the result (shown at 11.2 of [Ml]) 
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logp 	
(1) E(D(t)+ 2b(pm)F(m1ogp) 	= log N  — 2log(2,r)– 
,, 	–1 x ) 
where cI(t) = JF(x)e'"dx, 
1+it are the zeros of L(E,$) in the strip 0 <IR(s) <2, 
b( ,n) — (
t)m , 	ifp is bad, t,, being the Trace of Frobenius 
+ a7, ifp is good, where 	is a root of X 2 — 	+ p = 0. 
The method of Mestre involves choosing, for a positive real number 2, a 2-indexed 
sequence of test functions F(x) (the superscript is not used in [Ml]) which satisfy 
certain criteria, including those already stated above. These include the requirements 
that the test function should be zero outside [-2, 2]. We shall refer to 2 as the cut-off. 
Amongst various test functions, Mestre uses the following sequence of non-negative 
functions F2' (x) which he says he derived from work of Odlyzko: 
F' (x) 	
J(i — x/2)cos(zx/2) + r' sin(,rxI/2),  x (— 2,2) 	(2) 
2 
o, 	 elsewhere. 
Other criteria for such test functions are given by Mestre and, slightly amended, in 
[PSI]. However, in addition to satisfying the requirements for the use of such test 
functions in explicit formulae, Mestre also chose to employ only test functions with 
a Fourier Transform that is everywhere non-negative on the critical line fl(s) = 1. As 
a result, he is able to calculate bounds on rank. Odlyzko and te Riele in [OtRi], 
citing earlier results such as those of Jurkat and Peyerimhoff [JP 1], use this function 
since it closely approximates to 
w2 (x)=Cos 
]+i 
(the actual optimal function, which has an infinite number of discontinuities, making 
it unsuitable for use as a test function). Using F' (x) the equation (1) becomes 
2( 	 A,4 cos 
2('— 
r = –logN –2 	b(pm)F(mlogp) 
lOgp — 
MJ _ Z 
2 	2 2 2 	
(3) 
82 	m 10gp<2 	 P 	 zero s(lr –2 t ) 
1.0 
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where the last term is the sum of the contributions of the zeros of the L-series on the 
critical line s = 1 + it away from s = 1 and is a sum of everywhere non-negative 
amounts, and 
M21 = 2log(2, 	~ ex —l _
F,(x) e "1
r) +  
Omitting the last term of (3) gives a bound of the form 
r :!~ A(2) log N+B(2) 
	
(4) 
where 2 = log(n) is the cut-off (for n a positive real number). Mestre uses cut-offs of 
log 100 and log 500. By taking Mestre's method and applying it to a range of cut-
offs, we can obtain a sequence of linear bounds which, together, give an envelope 
bound. An application of this using 46 cut-offs from log 2 to log 62500 is shown on 
the next page. It is remarkable that the new bound intersects the log N axis between 
2 and 3, consistent with 11 being the least conductor for an elliptic curve. The 
favourable elliptic curves are marked with 'X'. In the table of favourable elliptic 
curves there is included the bound (on log N) for each rank given by this method. It 
can be seen that the favourable elliptic curves are close to this bound for ranks up to 
about 5. There is then a progressive deterioration in the closeness of each favourable 
elliptic curve to the bound derived using Mestre's method. The identifiers of these 
curves, namely Mestre [Ml], [M2], Fermigier [Fl], [F3], Nagao and Kouya [NK1] 
(whose high rank elliptic curves have been studied, but are not included in the table 
of favourable elliptic curves) and Martin and McMillen [MM1] (to date, with the 
highest rank elliptic curve identified) were probably primarily concerned with 
identifying high rank curves and not seeking, in addition, to minimise the level of 
conductor. Although the favourable elliptic curves of ranks 0 to 3 are certainly of 
least conductor for their rank (as can be seen from [Cr1] 
), 
the favourable elliptic 
curves of higher rank may not share this property. Certainly, in the cases of such 
curves as those given in [M2], [Fl], [F3] and [MM1] no one would claim such a 
property. In the cases of ranks 4 and 5, the paper [BM1] claims that these are the 
elliptic curves of least prime conductor for their rank (subject to some limitations in 
the search method). No composite conductor curve has yet been proven to be of 
lower conductor than at least one prime conductor curve of the same rank. 
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Upper bound on rank derived from Mestre's theory 
(with favourable elliptic curves) 
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Analysis does suggest that prime conductor curves do tend to have higher rank than 
composite conductor curves of the same approximate value of conductor (see 
Section 3.3.5). Thus, even at the level of rank not greater than five there appears to 
be a deterioration in the closeness of each favourable elliptic curve to the bound. 
It should be noted that, in order to determine bounds using equation (3), one puts the 
Trace of Frobenius equal to its most favourable level ( - L2pi ) for every prime 
with logarithm up to the critical cut-off (that determining the bounding line for the 
envelope). The bound could be attained only for a curve which satisfied this 
condition on the Trace. In the case of rank 3, for example, the condition only 
concerns the Trace for primes up to 31. In the case of rank 1 the cut-off is even less 
demanding at the Trace for primes up to 5. In the case of rank 19 the cut-off rises to 
optimal Trace for primes up to approximately 4000. It is clear that to achieve such 
demanding optimisation (using the Chinese Remainder Theorem, for example) is 
likely to require coefficients (and almost certainly conductor) at a much higher level. 
Consideration of the equation (3) shows that sub-optimal Traces of Frobenius (for 
some primes in the relevant set) can be compensated for by higher values of the 
conductor. 
As stated above, this method employs a test function which has Fourier Transform 
everywhere non-negative on the critical line SR(s) = 1, so we are able to omit the 
everywhere non-negative last term in the equation (3), i.e. the sum of Fourier 
Transforms 
cos 2 I - I 
2) 
zeros (jt 2 	22 t 22 
tO ' 	 / 
Thus, if the L-series of a favourable elliptic curve has zeros at s = 1 + it for t # 0, this 
would result in rank less than that determined by calculations based on the conductor 
and the Trace of Frobenius up to a cut-off. To address this last problem, and also 
seek more restrictive indicators of rank, we now develop a theory using a different 
test function. 
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3.1.3 Our intention is to find an estimate which lies closer to the actual least upper 
bound than the bound given by Mestre's method. We shall look at the discontinuous 
step function (avoiding 2= log of a prime power) 
1, xe(-2,2) 
	
F(x):= -i-, x=±2 	 (5) 
0, elsewhere. 
This test function has a Fourier Transform D that is negative at some places which, 
in turn, has the consequence that the sum relating to zeros on the critical line away 
from s = 1 can be negative. As a result, the bound of Section 3.1.2 is replaced by an 
estimate of the largest rank curve of a given conductor. Compared with the method 
of Section 3.1.2, the test function (5) exhibits less effect on the estimation of rank 
from the zeros on the critical line to the extent that the contributions from these 
zeros cancel. An important second benefit from the new test function is that, for 
given 2, the linear bound (see (4) above) has a much lower value for A(2), namely 
1 
compared to 
2A 	 8A 
Apart from the Fourier Transform property, the function of (5) meets the other 
criteria for use as a test function. Equation (1) using this test function now becomes 
r 	











where 	 moo = 2[log(27r) + 	
A \X - e 
0 e-1 
x) dx). 
The results of using this step test function to estimate constraints on rank in relation 
to conductor, together the Mestre theory bound based on the F (x) test function and 
the favourable elliptic curves, are demonstrated on the next page. It will be noticed 
that the step function gives a much better fit for ranks up to about 12. Careful 
observation reveals that the new estimates are exceeded by several favourable 
elliptic curves. These phenomena result from the absence of the Fourier Transform 
property, as a result of which the error term can be negative (and clearly is so in 
these specific cases). 
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3.1.4 In order to evaluate the consequences of using test functions with and without 
the Fourier Transform being everywhere non-negative on the critical line SR(s) = 1, 
we need to consider the contribution to the explicit formula of each zero of the L-
series on the critical line s = 1 ± it (not at s = 1). We shall consider the differences 
for F'(x) and F'(x). Taking the explicit formula (1) and calculating the precise 
error term for each zero on the critical line (not at s = 1), after division to give an 
equation for rank r, the two functions respectively give the sums over such zeros 
shown in equations (3) and (6). 
The identification of such zeros and the calculation of these sums poses difficulties. 
Clearly, the elliptic curve's L-series is far more complicated than the Riemann 
function. However, several points can be made: 
the step function F (x) gives an error term which oscillates between positive and 
negative values, affording potential self-cancellation; 
by plotting the difference of the Fourier Transform terms in equations (3) and (6) 
it can be that, for 
ItIA 
 - 2.16, approximately, 
the absolute error is less with the step function than with the Odlyzko function. 
In [F2] Fermigier gives strong experimental support for the conjecture that the value 
of t for the first zero on the critical line away from t = 0 is 0(l/ log N). He also cites 
a result of Mestre that the first zero p is separated from s = 1 by an amount 
1 ,0 -'1 < 	
C 
log log N 
for some absolute constant C. 
Both arguments would mean that the first zero would make a contribution to the 
error function which is positive for sufficiently large N; 
the integrals of the error functions from zero to infinity favour (meaning they 
are less for) the step function in the ratio 2.47:1 approximately; 
taking larger values for 2 tends to decrease the effect of the error functions. 
Since the critical cut-off rises with conductor, this also should reduce the effect of 
the error in the case of elliptic curves with larger conductors (and also account for 
the significant errors exhibited by the step function at low conductor level); and 
the error using the Odlyzko function falls away more rapidly as t grows. 
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For the first four of these reasons we consider that, although not giving bounds, the 
step function could be used to make practical estimates of the constraint which the 
conductor of an elliptic curve imposes on the rank of the curve. From the print-out 
on the previous page but one, it seems that this would be particularly helpful in the 
case of elliptic curves with large conductor (say log N> 100). 
3.1.5 We now use the ideas in this section (with a third test function) to bound the 
number of zeros of the L-series on the critical line away from s = 1. A stronger result 
in this direction has been obtained by Guthmann. This is referred to in [F2]. 
Theorem 3.1 Let L(Es) be the L-series of a modular elliptic curve satisfying the 
Birch / Swinnerton-Dyer conjecture on rank equality and the Riemann Hypothesis 
for elliptic curves. Then, for s = 1 + it, the number of zeros of L(Es) satisfying 0 < 
4 <T is O(T logT). 
Proof Using the function 
I 	lxi 
	
FA(x):=12 	for lxi <2 
L 0, elsewhere, 
the explicit formula of Mestre under the stated conditions gives 
2r+c1(t)= log N-2 Z 
b(pm)F2 (m log  p)  log p  
—M i , 	 (7) M 
t#O 	 P. ~el 	
p 
where: r is the rank, 
1+it are the zeros of L(E,$), 
c1(t) = JF (x)edr = fF2 (x)e'"dx, 
R 	 -2 
N is the conductor, 
(  
b 	(
t p ) m , 	ifpisbad 
V)=  
 
La; + am, ifp is good, where a, is a root of X 2 - t,,X + p = 0, 
M2 =2Ilog(2)+JI'ex 	iJ dx 0_1 X) 
Now, suppose that 2 is chosen to be in the range ( 0 , log(2)) and consequently the 
sum over pm :!~ e 2 is trivially zero. A simple integration shows that 
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A 	 4 sin'  () 
-A 
Thus, equation (7) becomes 
4 sin'  () 2r+ 
At 	 = log N - M A . 	 (8) 
Next, we consider the value of MA  for 2 = 10" when n large and positive (say 
greater than 4). The integral in the expression for MA  may now be split into the 
ranges [ 0, 2 ] and  [ 2, cc ]. The first part has partial Taylor expansion of the 
integrand 
e i_tJ( +O(x))_-j_ 
and so the first part of the integral is 0(1) for small X. Where x is small, the Taylor 
expansion of the integrand of the second part for small X reduces to 
X -1 –1+0(x), 
and so the second part is 0(1) - log2 for small A. Now, using the value for 2 in terms 
of n, we have the result 
MA  = 2(log(2n)+ 0(i)–n log(1O)). 
Returning to equation (8) for such small 2, and dividing by 2, we obtain 
4 sin  2() 
+ 	
(2)2 	
= lo tl (log N + 0(1)) + 1O2n log(10). 	 (9) 
As a function of t, the summand 
(2t 
4 sin 2 (-- 
WY 
is non-negative, has maximum value 1 at t = 0, and for 
2)r 6.75 
111t <— 3 is always greater than —i--, which is greater than 0.68. 
The zeros of L(E,$) with 	0< Id 
21 
<-- = T 
thus each contribute at least 0.68 to the sum over the zeros. Let their number be 
Z(T). As a result, equation (9) shows that 
73 
fl 	








= 2 = 	now givesZ(T) = o(Tlog T). 
3.1.6 This section gives details of elliptic curves of rank 6 and rank 7 found by the 
author, which have lower conductor than any other elliptic curve of those ranks of 
which the author is aware. We concentrate on the rank 6 case. In 1977 Brumer and 
Kramer in [BK1] gave a rank six curve of composite conductor 14,865,272,677 
which was previously in the set of favourable elliptic curves. 
We choose the model 
y 2 + y = x 3 + a 4 x + a 6 which has discriminant A = —64a - 27(1 + 4a 6 ) 2 . 
We can also regard this model (when a 6 > 0) as 
y 2 +y=(x—a)(x—b)(x+a+b) for a,b€R. 	 (10) 
The choice of model is influenced by the requirement to optimise the number of 
points of the elliptic curve over the finite fields of two elements (five points) and 
three elements (seven points), which can be achieved with this model using 
a4 _5 (mod 6) and a 6 _0 (mod 6). 	 (11) 
If the discriminant is positive, giving a curve over R with two components, then the 
number of integer points in the bounded component is related to the rank as is seen: 
Number of integer points in bounded component of favourable elliptic curves 
Rank Conductor # of integer points 
0 11 2 
1 37 4 
2 389 6 
3 5077 10 
4 501029 14 
5 19047851 A<0, no bounded 
component. 
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The method is to examine blocks of (a 4 ,a 6 ) sets subject to (i) the congruences (11); 
(ii) a6 > 0; and (iii) constraints on the determinant, namely 
0 < A < 2 x iO' ° noting that N:5 lA. 
If the number of integer points exceeds 16 then we print out that number and the 
parameters of the elliptic curve. Such searches are quite rapid. The search region is 
—1501:!~ a4 :!~ -601 
but we see the greatest density of potentially high rank curves in [-1100,-750]. These 
search regions can be related to values of a and b in (10) which are of similar order. 
The best result, of 28 points, occurs for the elliptic curve 
E:y 2 +y=x3 —889x+9150. 
This curve has (as stated) 28 integer points in the bounded component with x-
coefficients between -34 and +12. Also, in the unbounded component there are a 
further 18 integer points with x-coefficients between +22 and +61. None of these 46 
points has torsion and this suggests that the rank of E is significantly greater than 
zero, since experience shows that integer multiples of free generators soon develop 
non-integer coordinates. 
We now test the curve to find its exact rank. Using various methods (such as those 
given in Sections 3.1.3 and 3.5) we estimate that its rank is six. Next, we take the six 
integer points (g,, i = 1 to 6, say) on the bounded component of least height and 
evaluate the determinant of the Néron-Tate height matrix. That is clearly non-zero 
with a value of approximately 141.7. We must check the accuracy of this value. 
Lemma 3.2 If a nxn matrix A over R has elements of absolute value less than M and 
if these elements are calculated to an accuracy of d decimal places with n10' <1, 
then the value of the determinant calculated from these approximations is accurate 
to within n!x ii x M" x x (e— 1). 
Proof Each element a
, 
of A has been calculated as ay + eij where J  <lOd 
The value of the determinant is 
sgn(o)J]f aia(i)  
i=1 
where S is the symmetric group on n elements and sgn(cr) is the signum of the 
permutation a in S. The sum has n! elements, each of which is the product of n 
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elements of the matrix. Suppose that these products have been calculated using the 
approximations, giving for one product 
+ 
Since each matrix element is of absolute value less than M, which we can take to be 
not less than 1, the maximum error in each of the n! products is 
± 10-1d (n) M., = M((1+ M10) i) 
<M x n x 10-d  x (e— 1) (since n10_d  <1) 
Hence we obtain the result. 	 U 
Each of the six independent points has height in the range 3.04 to 3.28. We calculate 
each Néron-Tate height to an accuracy of 5 decimal places and, since the absolute 
value of each matrix element is less than 3.279, we also calculate that the value of 
the determinant is correct to within 92.3 (=6!x6x0.00001x(3.279) x (e— 1)). Also 
these six points give the other integer points that we find with simple linear 
combinations 
M i 9i where m C= {o,±i}. 
The integer points with x < 100 and their relationships with the generators (now 
denoted a, b, c, d, e andf) are set out in the table on the next page. Since the curve 
has conductor 8,796,007,189, which is prime, it is an improvement on the curve 
from [BK1] mentioned above. For rank six the bound on conductor discussed in 
Section 3.1.2 is calculated as log N> 19.0. The curve F has log N= 22.897.. . For 
rank seven the method gave a bound log N> 23.4 and so E must have rank six. 
Using the same method (but with a different search range) the elliptic curve 
+ y = x 3 - 5707x + 151416 was identified (it has 36 integer points in the 
bounded component) and determined to have rank 7. It has conductor 
1991659717477 (= 154681 x 12875917) so log N = 28.319.. . The independent 
generators have x-coordinates -86, -9, -3, 3, 18, 28, 31. It is also a favourable elliptic 
A fl 
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The integer points on the bounded component of the rank 6 curve are 
x-coordinate y-coordinates relation to generators 
-34 8,-9 ±(a+b+d) 
-33 50,-51 ±(a+b+c) 
-32 69,-70 ±(b+c+d) 
-25 125,426 ±(b+c+d+e+f) 
-19 138,-139 ±(c+d+e) 
-12 134,435 ±(a+b-f) 
-8 125,426 ±(c+e+f) 
-2 104, 405 ±(a+b+c+d+e) 
5 69,-70 ±a 
6 63,-64 ±b 
8 50,-51 ±c 
10 35,-36 ±d 
11 26,-27 ±e 
12 14,45 ±f 
and on the unbounded component the following are those with x < 100 
x-coordinate y-coordinates relation to generators 
22 15,-16 ±(b+c+d+e) 
23 29,-30 ±(c+d+e+f) 
25 50,-51 ±(a+b) 
27 69,-70 ±(a+b+c+d) 
33 125,426 ±(b+d) 
45 245, -246 ±(c+e) 
50 299,-300 ±(a+b-e-f) 
60 414, 415 ±(d+e) 
61 426,427 ±(c+f) 
3.1.7 Explicit formulae have been used by some number theorists in order to make 
estimates on the distribution of rank for a family of elliptic curves E1 defined over 
Z[t]. This means that the coefficients in the global minimal equation are polynomials 
with integer coefficients and t is also an integer. In 1995 Michel [Mu] proved 
(conditionally on the Taniyama-Weil Conjecture, the BirchlSwinnerton-Dyer 
Conjecture and the Riemann Hypothesis for elliptic curves) that for any such family, 
with the invariantj(t) a non-constant rational function, as T—* oo one has the bound 
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rank Q (Es ) :5 (deg A(t)+ c + c - 	 + o(1))2T 
ItI`IT 
A( ).0 
where L(t) is the discriminant of the family 
CA  = #{zeC,(z)=O} 
c= #{z EC, g2 (z)=g3 (z)=o}. 
Here g2 , g3 are the forms used over C where an elliptic curve is often written in the 
form y 2 = 4x 3 - 92 x - 93 . In 1997 Michel [Mi2] gave a further result in this 
direction (subject to the same three conditions), namely that, as T—> Go 
rank Q (Ef ) :!~ (deg z(t)+ deg N(t)— 4)(i + o(l))2T. 
ItI:5T 
Notation is as before and N(t) is the conductor of the family. This expression of 
Michel's result is in the form adapted by Silverman [S4]. In this 1998 paper 
Silverman carried the method a step further and obtained a result conditional on the 
same three conjectures as Michel's results and also conditional on Tate's conjecture 
for elliptic surfaces (which relates the rank of the Néron-Severi group of C to the 
order of zero of a related L-series at a certain point). Silverman showed that, 
as T-+ Go, 
rank (E,) :!~ (deg N(t) + rank C(Q(t)) + - )x(1 + o(1))2T. 
ItI:5T 
The only new notation here is C (Q(t)), the group of points of the elliptic curve 
defined over the function field. 
The family 
y 2 =x3 +a4 x+t 
has z(t) and N(t) of degree two in t. By taking a series of integer values of 
a 4 E[- T,T]and using Michel's 1997 result we see that the average rank is not 
greater than 2.5. 
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3.2 Distribution of the Trace of Frobenius for E/Q 
3.2.1 For a specific elliptic curve over Q and prime p, the absolute value of the Trace 
of Frobenius, i tp ~ [2 p 2 i by Hasse's result (Theorem 1.2). Within the interval 
[_ [2p ! ],[2p j] 
the distribution of Trace exhibits characteristics which are related to whether there is 
complex multiplication, -"CM"-, and to the rank of the elliptic curve. Complex 
multiplication occurs for an elliptic curve E over Q when the ring of endomorphisms 
of E is an order in a quadratic imaginary field. When there is not CM for an elliptic 
curve over Q, this ring is isomorphic to Z. 
3.2.2 Birch in [B2] refers to a paper of Tate [T2], commenting that for F, an elliptic 
curve: 
[putting t, = 2,Fp 	0 <op <it] "If F has complex multiplication, then the 
distribution of Oh,, is uniform ". 
It is not clear whether this is a theorem as we are unable to find any references to a 
proof. However, by this statement he means that O is uniformly distributed over 
those primes p where F is not supersingular. Supersingularity of an elliptic curve E 
over a field of characteristic p is defined in different ways by different authors. In 
[Si] Silverman gives five properties which are equivalent. He then states that if the 
curve has these properties then it is defined as supersingular. The first of these 
properties is that the group of points of order p is trivial. Since CM curves over Q 
are associated to quadratic Dirichlet characters 
,' 
and it is known that t,, = it 
follows immediately that the Trace of Frobenius must be zero when p is not a 
quadratic residue. 
In [S I] (p.144) Silverman, referring to an earlier result of Deuring, states that: 
"[an] elliptic curve is supersingular in characteristic p for half of the primes 
.provided the elliptic curve has complex multiplication... 
Serre [Se 1] sketches a proof due to Deuring that there are only 13 rational values of 
the j-invariant for which there is CM. These correspond to certain orders R of class 
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number 1 in imaginary quadratic fields K. The 13 such orders are given in the 
following table. 
The thirteen complex multiplication isomorphism classes 
j-invariant K 
1728 Q(Ji) 




-884736 Q (cTj) 
-884736000 Q(J1I4) 
-147197952000 Q(J_67) 





We have chosen to look at  = -3375, for which CM is over the extension Q(J). 
Looking at all odd primes (except 7) under 10000 (1227 in all) and excluding the 
primes which are not quadratic residues modulo 7 (for which t P  = 0), we plot 
_11 tP 
cos 
. ~P-11 ) 
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against i (where p is the i 11' odd prime with (-) = +1) with the result on the next 
page. There are 607 such primes. We now split [0,7t] into 25 equal intervals (so 
interval m is [ -I- m, (m + 1)] ) and determine the distribution of Oh,, by these 
intervals (in the cases where p is a quadratic residue modulo 7). 
Interval 0 1 2 3 4 5 6 7 8 9 10 1112 13 14 1516 17 18 19 2021 22 23 24 
#ofp 	20 25 21 25 23 22 25 27 24 3421 2025 2825 18 26 26 20 28 2229 2627 20 
We now use the X2  test summing 
(observed - expected) 2 
expected 
Here, the hypothesis leads us to expect 24.28 (= 607/25) in each interval. The 
2  tables with 24 degrees of freedom, give 95% confidence in the hypothesis if the 
sum is no greater than 36.42. The sum for this curve is 13.06. Thus, this evidence is 
consistent with Birch's statement and the hypothesis for CM curves. 
3.2.3 Birch also discussed the non-CM case and cited Tate's suggestion that there is 
an asymptotic distribution of O, which has a density proportional to sin 2 . This is 
now generally known as the Sato-Tate Conjecture. Accordingly, we now look at a 
non-CM curve 
and again plot 
Y2 + xy = - 3x —3 
-11 tP  cos 
. 271  
for primes under 10000. The result is shown on the next page but one. From this it is 
apparent (by comparison with the CM case) that there is some clustering towards the 
middle of the range, without one-half of all values lying exactly at mid-range. To 
test the Sato-Tate Conjecture, we again split [0,7t] into 25 equal intervals and 
determine the number of primes for which the output falls into each interval. The 
result is shown in the graph on the next page but two. Since only 1229 values are 
spread over 25 intervals, there is a somewhat crude approximation to the expected 
sinusoidal pattern. However, the distribution is radically different from the CM case. 
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CM curve = 	35x + 98 Angle of Frobenius for p<10000 
wherept,2,4 (mod 7) 
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Distribution of the Angle of Frobenius for non CM curve 
y2 + xy = x - 3x -3 for p < 10000 to show sinusoidal distribution 
84 
The application of the ;r ' test again requires the sum to be no greater than 36.42 for 
95% confidence in consistency with the Sato-Tate Conjecture. 
Interval 0 1 2 34 5 6 7 8 9 10 11 12 13 14 15 1617 18 19 2021 22 23 24 
# ofp 	0 4 7 13 2439 51 78 81 99 90 96 100 89 80 99 74 54 50 40 32 14 10 4 1 
With the sum calculated to be 17.21, the results for this curve are consistent with the 
Sato-Tate Conjecture. We now mention three results in connection with the Sato-
Tate Conjecture. 
Birch in [B2] took the Sato-Tate Conjecture of distribution of the Angle of 
Frobenius for a fixed curve F at each prime and then considered the case of a fixed 
prime p and varied F. He stated that "we will expect E P  (r) / 2J to have a finite 
distribution that approximates to Tate 's sin  distribution when p is large ". 
Here, E (F) is t for F. Birch then proved that, for the two parameter family 
y 2 = x 3 —ax—b (a, bEZ), its moments are asymptotically those of the sin  
distribution. 
Michelin [Mil] proves for elliptic curves over Z[t] 
Theorem 3.3 (Michel) There exists an integer N such that for all p not dividing N, 
for all k ?] and for all additive characters i,ti, of F one has the bound 
Sfl(+ 1),) 	
:!~ (k +1c 
ta 	sin (or ,) 
where c = # {z E C, L(z) = o} and S takes the value 0 or 1 as the character 
is trivial or not. 
When the character is trivial Michel claims that the Theorem expresses the fact that, 
as p —+ oo , the Angles of Frobenius are equidistributed on [O,ic] for the Sato-Tate 
measure. This can be seen by using moments as in [B2]. 
In his thesis [Mci] McKee (referring to Birch's result) shows that "violent 
'wobbles ' about this smooth approximation" can occur. 
These three results all consider the distribution of 0 , at a fixed prime for families of 
elliptic curves. Of course, they do not prove the Sato-Tate Conjecture, which relates 
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to a fixed elliptic curve and its Angles of Frobenius over all primes. This conjecture 
is still regarded as "inaccessible" [CDF1]. 
3.2.4 Now we see what can be deduced from these conjectured distributions using 
the order of zero part of the Birch / Swinnerton-Dyer Conjecture. 
Theorem 3.4 The analytic rank of the elliptic curve is equal to the unique integer r 
for which the limit 
limI1 	HP2 J+ 	
(1) 
p<X'' 
exists and is finite. 
Proof Let 
	
f(s): = fl 	+ P 	çp5 + p 2' (1 - p) 





fl(1— tp5 + pl2S)l(1 _pS)r• 
bad 1 - t P - S 	alip 
If r is the order of zero of the L-series at s = 1 (the analytic rank), then on 
multiplying the L-series by the rth  power of the Riemann zeta function, giving 
fr(s) it follows that there is a constant 
KE = lim QE, s)((s)) = urn f 
r (s) 
5-41 
= lim limIUh 
- tpS + p1  fl(i - tp-s + p12s)—I (i_ ps)-rJ 
s—I n-*k bad 	1 - t 
p_S 
p p 
= lim limfr (s). 
5—).1 + 
We may write the limit as n -3 cc of this product as the product of Dirichiet series 
(Jaan--')(Jn 	= b n _S ,say, 
where b = >afl rd and rd is the number of ordered r-tuples in N of product d. 
din 
Since the sum converges at s = 1, applying Abel's test [as in Section 2.7.4] we 
have fT (s) converges uniformly to f 
r (s) for s ~! 1. Therefore, as the relevant 
functions are continuous on [1,co), it is permissible to interchange the limits (by [Al] 
Theorem 13-3). Thus 
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KE  = urn lim1fl - 
tpS 
pI2S fl(i - 	+ P I-2s 	p s)J 
badp 	1 tp 
= lim1fl N fl-1'-i 	N,  nt 	N 1 	N 	 ) badpNp —1 alIp  N 1—p 2 \ba dp p 	p<n p 
={ 
ç(2)rfl N fj (1+p1)r flR(i+rpj }. 
	
bad p Np _l all p (1+rp) 	aiipNp 
The first parentheses in the last line contain quantities which are finite and non-zero. 
As a result the second parentheses must also give a finite non-zero product. Thus 
limB=iimfl hi+ ')( i _ tp_ 1 p+r 	 ___ 
x- 	N 	X-a 	 p 1 p<X 	p p<X 
is a finite non-zero number. 
We now take logarithms and expand the right-hand side as a Taylor series. This is 
permissible since, for X> max{r,7}, X lies within the interval of convergence for 
the Taylor series of both parts of the product. The 7 arises from its being the least 
prime p for which in all cases t,, - 1 <p. This gives the expansion for the right- 
hand side 
lim I ( 
r-1+t 	r2 —(tn 	
+ 
_ 1)2 r3 +(t-1) 
p<X 	P 	2p 2 3p 3 	- 	
). - 




(and terms of lesser order in p) since these give a sum convergent to a finite limit. 
So, if the Taylor expansion of the logarithm of a product (known to be equal to a 
finite non-zero number) has subtracted from it certain of its terms (which are 
convergent to a finite sum), the result must be finite. However, except for a unique 
value of r, the sum in (1) would be unbounded but, since the sum is finite, that 
unique value of r must occur. Convergence of this sum gives the existence and 
finiteness of 
2 
IimhI )+- TJ. 	U 
p ) p<X \ 
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Subject to the validity of the Birch / Swinnerton-Dyer rank conjecture, one can 
substitute the algebraic rank into this theorem. 
3.2.5 We now consider heuristics on the distribution of rank. In the CM case, if we 
assume the uniform distribution pattern discussed in Section 3.2.2, the distribution 
of cos9 has mean zero and variance . This is because, for 0 uniform on [0,7t], 
cos 0 has mean 0 and variance 
Jcos 2  OdO=f, It 0 
and one-half of all values of cos 0 zero and one-half uniformly distributed by 0,,. 
Thus, if one takes a specific CM elliptic curve, E, the expression (1) (substituting the 
Angle of Frobenius) requires the existence and finiteness for a unique r = r(K) of 
(r-1+2pcoso +2cos 2 9 
lim 	I p 	'• 	 (2) 
p<X 
Now, consideration of the set of all CM curves ordered by the absolute value of their 
coefficients gives a mean value (if it exists) for r(E) of -!. This is because each r(E) 
is determined by the associated JOP J and so -distribution determines r(E)-
distribution. More precisely, we are assuming that, if it exists, 
lim LI 
X-*oo p<X' 	P 
is finite, where F (subject to its existence) is the mean value of r for elliptic curves 
which are ordered by the absolute value of their coefficients. 
To evaluate the variance of r, consider the variance of 
tp 	t 
P 
at a specific prime p, which is the mean value of 
ft,,
/ 	 \2 	 2 	~P) 2 t,,2 	 2cos9 1 f 2cos 0,, 1 
p+ 2p 2  2p) 	p + p 
4cos2 0,, 4cos4 0,, 	1 	8cos3 0,, 2cos9 	2cos2 0,, 
= 	 + 	2 +T+ - 	 3 - 	 2 
P 	p 4.p p 2 	P 2 p 
and so equals p + O(p) which, for large p, will be dominated by the first term. 
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Using Theorem 3.4, the variances of 
2  tP 
and 	--+-- 
p<X P 	p<X p 2p 
must be equal. The second sum has been shown to have variance equal to Z P _ 1 + +_ 3) . 
p< X 
This gives a variance of 1 for r. 
3.2.6 In the non-CM case, we can use results adapted from [B2] on the values for 
the p2 - p non-singular elliptic curves over F, namely 
=(, _i)(,_i) 
all curves 
t =(p _1)(2p2 2p1) 
all curves 
with odd powers having zero sum, by symmetry. Now using Theorem 3.4 and 
assuming the existence of F, 
	
(
i7 -f 	(2  _1)(p-1) 
lim 	1+ 
x- <x p ) 2p2(p2 	) 




at a specific prime p is 
J 
2 
all curves p 2p2 	2p(p - i)  
p(p — l) 
which again is 
P_ ' +0( P1. 
Hence, using the same argument as in Section 3.2.5, the variance of r is 1, recalling 
that the variance of the sum is the sum of the variances for independent variables. 
Here, we are implicitly treating the Trace of Frobenius as such a variable in so far as 
the pairs of Traces at two different primes are assumed to be pairwise independent. 
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3.3 Theories of rank distribution 
3.3.1 We shall first discuss the hypothesis that the distribution of rank when the 
elliptic curves are ordered by the size of their coefficients is related to the Normal 
Distribution. From Section 3.2, each t P distribution is symmetrical about 0 and, asp 
tends to infinity, 
This makes the distribution of 
(t 
p 2p2 
increasingly close to being symmetrical about 0 as p tends to infinity. If we assume 
that, for each prime p, the t P  are independent, the application of the Central Limit 
Theorem suggests that, as the level of the cut-off increases, so the distribution of r 
(in the context of Section 3.2) can be approximated by the Normal Distribution. 
Using the Monte Carlo method and based on primes below 1000, two thousand 
simulations for the CM curve Y2 = x 3 + a 6 (assuming uniform distribution for the 
Angle of Frobenius at each prime p 1 (mod 3)) gives a distribution which closely 
resembles the Normal Distribution (as is apparent from the printout on the next 
page). This cut-off and simulation gave mean and variance at 0.43 and 0.94 
respectively. 
3.3.2 In Section 3.2 and in Section 3.3.1 above, the symbol r was used. Here it is the 
order of zero of the L-series with the chosen set of t P values. However, three major 
problems emerge from the (possible) deduction that the distribution of rank for 
elliptic curves ordered by size of coefficients is Normal with mean f and variance 1 
(for both CM and non-CM curves). First, it would imply that rank can frequently 
take negative values. Second, it is probable that such rank distribution would be 
dense on the set of real numbers, yet the algebraic rank is restricted to non-negative 
integers. A third consideration is that the set of all possible sequences (t a ) for prime 
p is uncountable, whilst the set of all possible elliptic curves over the rational 
numbers is countable. 
A Monte Carlo simulation for the family of CM curves of j-invariant 0 
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To address these problems we consider the hypothesis that one only selects from the 
spectrum those values of r which equate to non-negative integers and that their 
relative frequencies relate to the ordinates of exp(_ (r - I 2). This answers these 
three criticisms, in that: 
one eliminates the problem of negative rank; 
one eliminates the problem of non-integer rank; 
N U {0} is countable whereas R is not, so the subset selected may be countable 
also and relate to the elliptic curves only. 
3.3.3 Taking this approach gives the following frequency for elliptic curves of 












The constant 0.8521 is required for normalisation. It equals 
1 Eexp(_(r_+)2 /2). 
We shall call this Theory "ND". 
3.3.4 Note that this hypothesis contradicts the so-called parity conjecture that even 
and odd ranks each account for 50% of the set of elliptic curves (with respect to any 
natural ordering, according to [ZK1]). The hypothesis implies that approximately 
56.6% of all elliptic curves are of even rank. The predicted proportion of rank zero 
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curves is higher than in many published surveys (see Section 3.3.5). It may be the 
case that the hypothesis needs modification for the rank zero case, but does seem to 
give quite close estimates for the relative proportions of non-zero rank elliptic 
curves. It is also apparent that the Normal Distribution decrease in frequency when 
rank is above two (proportional to the inverse of the exponential of the square of a 
linear function of rank) displays some of the characteristics of actual surveys of 
elliptic curves. This is discussed in the next paragraph. It may be that, whilst Theory 
"ND" is clearly inadequate at low ranks, the probability arguments are helpful in 
modelling phenomena at higher ranks. 
3.3.5 We now compare the predictions of the Theory "ND" above with specific 
results based on large surveys of elliptic curves by Birch and Swinnerton-Dyer 
[BSD1], Zagier and Kramarz [ZK1], Brumer and McGuinness [BM1], Cremona 
[Cr1], and Gebel, Pethö and Zimmer [GPZ1]. These surveys are helpful but, since 
each adopts a different sampling method, comparisons between them should be 
made with caution. 
Reference 	 Contents of survey 
[BSD1] 	All elliptic curves: 	= x 3 - Ax - B, IA :!~ 20, B :!~ 30 
[ZK1] 	The series: Y2 = x 3 —432m 2 :m <70000, cubefree 
[BM1] 	Curves of prime conductor < 100000000 
[Cr1] 	All elliptic curves of conductor up to 5077 (the first rank 3 curve) 
[GPZ1] 	The series: y 2 = x 3 + k,kI :!~ 100000 
The results of these surveys for the frequency of low rank elliptic curves are 
summarised on the next page. As a body of experimental evidence for or against 
Theory "ND", these surveys seem to be unconvincing. The data in [BSD1] is both 
the oldest and, in some respects, the most unbiased for our purposes. This is because 
it considers all curves (albeit with small coefficients). The tables in [Cr1] are 
obviously deficient in high rank curves because of their low conductor level. The 
papers [ZK1] and [GPZ 1] are based on a series of twists of a single CM curve. The 
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paper [BM1] is potentially the most helpful from the point of view of sample size 
and lack of bias, but we must question the authors' contention that curves of prime 
conductor are "a typical sample of the set of all curves". Cremona's tables in [Cr1] 
and other sources referred to above suggest, on close scrutiny, that curves of prime 
conductor tend to have higher rank than those of composite conductor. Examination 
of [Cr1] using the X 2  test certainly suggests this. 
Comparison of Theory "ND" with published surveys 
Survey [BSDI] [Cr1] [ZK1] [GPZI] [BMI] Theory ND 
Size 2494 17583 58234 200000 310716 
Rank 0 35.8% 45.7% 38.3% 32.9% 30.0% 41.3% 
1 51.9% 50.9% 48.9% 47.3% 46.1% 41.3% 
2 12.9% 3.4% <11.6% 16.9% 19.8% 15.2% 
3 0.3% - <1.1% 2.7% 3.8% 2.1% 
4 - - Unknown 0.2% 0.3% 0.1% 
Evaluation of prime conductor curves using the X2  test 
Rank 	 0 	1 	2 	Total 
Number of curves 	 1321 	1124 	18 	2463 
in tables, N<1000 
Number of above with N prime 	28 	33 	8 	69 
Expected number in sample of 69 37 31 1 69 
The hypothesis that the prime conductor curves have identical distribution to the set 
of all curves (of conductor less than 1000) would result in the expected number 
shown in the final line of the table. The 2  test sum is 51.32 and, if the hypothesis 
were correct with two degrees of freedom, the sum would exceed 9.21 in only 1% of 
samples. Thus, it is most unlikely that the hypothesis is correct. Indeed, since the 
Trace of Frobenius must be 0, ±1 at a bad prime, we intuitively expect this (as we 
consider that high rank is associated with large N and so large negative values of 
the Trace at many primes). Note also that each of the favourable elliptic curves of 
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rank 0 to 6 has prime conductor. Where Theory "ND" appears to be most helpful is 
at ranks in excess of one. It is of interest to compare its predictions with the results 
of[GPZ1]. 
Rank 2 3 4 5 
Number in[GPZI] 33716 5509 452 6 
Theory "ND" prediction 30401 4114 205 4 
Although the fit is not very close, the Normal Distribution decrease in frequency 
shows some striking similarities to the [GPZ1] data. 
It is important to distinguish the different methods of ordering the sets of elliptic 
curves to be analysed for rank distribution. The ideas in Section 3.2 are based on 
ordering the elliptic curves by the maximum absolute value of their coefficients. 
Cremona in [Cr1] uses the value of the conductor, which possibly gives a different 
distribution. Indeed, the curves of prime conductor studied by Brumer and 
McGuinness possibly give a third distribution. Since [ZK1] and [GPZ1] are 
restricted to one CM family, it seems that these results tell us less about the general 
distribution of the rank of elliptic curves. 
3.3.6 We can also compare the predictions of Theory "ND" with established 
theoretical results on average rank. Theory "ND" implies an average rank of about 
0.78. Subject to three conjectures (Taniyama-Weil; BirchlSwinnerton-Dyer rank 
equality; and the Riemann Hypothesis for elliptic curves), Brumer [Bri] proved that 
the average rank cannot exceed 2.3. He refers in a postscript to unpublished work 
reducing this bound to 2. Michel [Mil], [Mi2] and Silverman [S4] have also studied 
this problem in relation to parametrised families of elliptic curves Et(Q) with 
coefficients in Z[I]. Their principal theorems are summarised in Section 3.1.7 and 
these results also suggest that average rank is quite modest. 
3.3.7 In Section 3.3 we have adopted a highly speculative approach in order to 
obtain Theory "ND". Furthermore, in order to deal with the three criticisms of 
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Section 3.3.2 it was necessary to adopt an ad hoc method (namely, we selected r in 
N U {0}only). As has been seen in Section 3.3.5, the distribution of rank for specific 
families of elliptic curves is marked by a sharp decline in the frequency of 
occurrence of high rank curves as rank increases. This pattern suggests that another 
statistical model should be considered, namely the Poisson Distribution. Here the 
probability of n successes is given by 
A." e 
n! 
where 2 is the mean of the distribution. For families of elliptic curves, we have seen 
that the mean rank usually lies in the range [0.5 , 1.0]. Such mean rank suggests that 
the frequencies for each rank might be expected to be something like the table 
below. 
Rank 	 0 	1 	2 	3 	4 	5 
A. = 0.5 60.6% 30.3% 7.6% 1.3% 0.2% - 
= 0.75 47.2% 35.4% 13.3% 3.3% 0.6% 0.1% 
= 1.0 36.8% 36.8% 18.4% 6.1% 1.5% 0.3% 
Clearly, the proportions predicted by this distribution would be too high for rank 
zero unless A. is close to 1 and, if this is the case, the proportions of higher ranks 
predicted would be too high (both in comparison with the published data 
summarised in Section 3.3.5). Also, considering the case of rank 19 and with 2 = 0.9 
the frequency under the Poisson Distribution is calculated to be approximately 
4.5 > 10''. The frequency calculated using Theory "ND" is approximately 
2.3 < 10 -75 . It would be impractical to test for frequency at such a low level since the 
computer time would be prohibitive. At lower levels of rank it may be feasible to 
carry out computer analysis on large samples of elliptic curves with coefficients 
generated "randomly" or alternatively, within some range. At 2 = 0.9, the Poisson 
prediction for the number of rank 5 curves in [GPZ1] would be 400. This appears far 
too high in relation to the actual number of 6. Theory "ND" predicts 4 curves of this 
rank. 
96 
3.4 A heuristic estimate of maximum rank for given 
conductor 
3.4.1 In Section 3.1 a method devised by Mestre was discussed. This bounds the 
rank of an elliptic curve in relation to its conductor. We also showed that more 
restrictive estimates (which are not bounds) could be achieved using a different 
function. 
3.4.2 LetJ(r, N) 	be the proportion of elliptic curves of rank exactly r in the set of 
elliptic curves of conductor :! ~ N; 
g(N) 	be the number of elliptic curves of conductor :! ~ N; and 
h(r) 	be the least conductor for an elliptic curve of rank r. 
If we consider the hypothesis that high rank curves are so infrequent that one needs a 
very large "random" sample of elliptic curves to have a good chance of finding one 
then, for a high value of r, the first g(h(r)) elliptic curves (ordered by conductor) 
have one curve of rank r (subject to the assumption that only one curve of rank r has 
conductor h(r)). The proportionj(r, N) is exact, as defined, but is unlikely to be the 
same proportion as that given by Theory "ND". We have 
J(r,h(r)) x g(h(r)) = 1. 	 (1) 
In this Section we shall take the naïve hypothesis that the proportions given by 
Theory "ND" can be used in place of J(r, N) and see what are its consequences for 
the function h(r). Whereas, in Section 3.1 use of the test function F gives a bound 
and the test function F, gives an estimate, we see that this method is clearly 
heuristic. 
3.4.3 In 1996 Brumer and Silverman gave in [BSI] some estimates of conditional 
bounds on the number of elliptic curves of conductor N. In order to use their 
Theorem 4, namely 




it is necessary to have some estimate of K6 (e) for small E . However, in arriving at 
that result, they give another conditional bound which is more suitable for the 
purposes of this section, namely their Conjecture 3 (our Conjecture 3.5). 




E /Q : E has good reduction outside s} :!~ K4 M log log 
	
where 	 S is afinite set of rational primes 
K4 , K5 are absolute constants 
M= flp. 
p ES 
Their Conjecture is proved conditionally subject to: 
the Riemann Hypothesis for elliptic curves; 
the analytic rank of an elliptic curve 6A  being greater than or equal to its 
algebraic rank where 6A  :y 2 = x 3 + A. 
We shall use this Conjecture to prove a result which will be of use in this section. 
Lemma 3.6 Subject to the same conditions as Brumer and Silverman 's Conjecture 
#{E / Q: conductor(E) = N} < K 4 N K5110510N 	 (2) 
Proof Taking S as the set of prime divisors of N with M the product of these primes, 
trivially M :!~ N. Also 
#{E /Q :E has good reduction outside s} ~! #{E / Q :conductor(E) = N}. 
If M = 2 note that log log (M) is negative. Also, there is no elliptic curve of 
conductor 1 (no prime divisors). First, consider the case that N has at least one prime 
divisor other than 2. For M> 15 one has for all M !~ N 
K, 	 IC, 
)%flogIogM < KN'°'°" 
The finite number of exceptional cases to this inequality can be shown to be given 
by: 
M=3 	N=3 t for 2:5t:!~ 40; 
5 	25, 125; 
6 	12, 18, 24, 36, 48, 54, 72, 81, 96, 108; 
7 	49; and 
10 	20. 
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For each of these cases there can only be a finite number of elliptic curves and so 
one can combine all of this in the inequality (when S # {2} ), possibly with a 
different K4 , 
K, 
#{E /Q: conductor(E) = N} ::~ 	IoglogN 
We now consider the case where 2 is the only prime factor of N. First, we know that 
there is no elliptic curve of conductor 2, 4, 8 or 16 and so log log (N) will always be 
positive and we need only consider the cases where N ~! 32. , The conjecture of 
Brumer and Silverman shows conditionally that the number of elliptic curves E with 
good reduction outside 2 is less than (approximately) 
K4 2-2.728K5 
which, for N ~! 32 is clearly less than 
K, 
1VI08b08J\f K4  
As a result, in all cases 
#{E / Q: conductor(E) = N} ! ~ KNKS /log log N 
	
III 
We shall now try to investigate the constants in (2). In Cremona's book [Cr1] we 
note that for N < 1000 the maximum number of different curves for a specific value 
of N grows as in the following table: 
Niess than or equal to 	25 56 98 140 245 377 489 521 701 999 
Maximum number of 
different curves 	1 	2 3 	4 	5 	7 	10 12 15 16 
N log log 	 15.7 18.0 20.3 22.0 25.2 28.0 29.9 30.3 32.6 35.7 
Using a Maple least square fitting package on these ten values gives estimates of 
0.000114 for K4 and 3.35 for K5 . The correlation is 0.99, which seems quite good. 
However, our sample is only of curves with conductor less than 1000 and these 
estimates should be viewed with caution. 
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3.4.4 At this point we shall depart from proved and published results and make a 
series of plausible or heuristic hypotheses in order to seek an estimate for g(N). First, 
we make the hypothesis that (2) implies that there is a constant K7 such that 
#{E / Q: conductor(E) = N} averages K7NK500. (3) 
By "averages" we mean that, for small c > 0 in the interval [Nx(1-c) , Nx(1+c)], the 
mean number of elliptic curves with conductor at an integer in the interval is near to 
the stated average for sufficiently large N (i.e. the error is of a lower order in N). 
Adopting the estimate of 3.35 for K5 (from Section 3.4.3) leads to the estimates 
El Q :conductor(E) = N 
} 
averages K7 N 3351 I00  ); and so 
N 
E / Q :conductor(E) :! ~ N 
} 
K7 Jx3350b04dx. 	 (4) 
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Using Maple, we can obtain values for this integral over a wide range of relevant 
values of N relating to the conductors of the favourable elliptic curves of rank ~! 3 
discussed in Section 3.1. It now remains to estimate the value of the constant K7 
and, in order to do this, use is again made of [Cr1]. This gives the number of elliptic 
curves of conductor up to 5077 as 17583. If we base our estimate on this and on (4), 
then the calculated value of K7 would be 0.00001 approximately. So, in the range 




E / Q :conductor(E) :!~ N } 
0.00001 
Jx3351I0t0dx. 	 (5) 
11 
We now pause to consider what hypotheses and estimates have been used to move 
from established and proven results to achieve the estimate (5). Firstly, in (3) we 
assumed that the bound (2) gave an average for the density of elliptic curves at a 
particular level of conductor. Secondly, we resorted to [Cr1] to make estimates for 
the constants K5 and K7 . Since [Cr1] only gives data on elliptic curves of 
conductors up to 5077, these estimates must be viewed with great caution. Indeed, 
the estimate (5) based on the number of elliptic curves of conductor up to 5077 is 
inaccurate at significantly lower levels of conductor. 
3.4.5 Subject to the necessary imperfections which we have mentioned, the estimate 
(5) of Section 3.4.4 will now be used as an estimate for the function g(N). We shall 
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use as the functionJ(r,N) the estimate of frequency of rank which is given as Theory 
"ND" in (1) of Section 3.3.3. Although that estimate does not depend on the level of 
conductor, it gives an estimate for the rate of occurrence of high rank elliptic curves 
for sufficiently large levels of conductor. Combining these two in the equation (1) of 
Section 3.4.2 now gives a heuristic estimate of the function h(r), the least conductor 
for an elliptic curve of high rank. That heuristic estimate is now given in the form 
that, for specific high values of rank r, the least value of the conductor N is likely to 
be "near to" the solution of the equation 
(0.8521,/2- zj 
e' ( N 
  .' )
x I 0.00001 fx335hb0xdx  I = 1. 
 
By "near to" we mean that, since the approach is based on probabilities (we have 
replaced the exact functionJ(r,N) by the probabilistic estimate of Theory "ND"), our 
estimate can only be accurate to the extent that J(r, ]V) is well approximated by this 
estimate. We now evaluate the integral at values of N in the range 20 < log N < 250 
and then determine the solution value of r. 
The combined effects of Mestre's bound based on F,:, the estimate given by the 
function F and the heuristic estimate (marked 'H') are shown on the next page 
with the favourable elliptic curves also included. The heuristic estimate appears to 
become the most restrictive at log N> 200 approximately. To refine the heuristic 
estimate, we would particularly need to improve equation (5), namely the estimate of 
the number of the elliptic curves of conductor at most N. However, the purpose of 
this section is, in part, to highlight the good correlation between the data of [Cr1] 
and the formula (2) derived from Brumer and Silverman. 
101 
Upper bound on rank derived from Mestre's theory 
together witha heuristic- estimate and,-another estimate 
(with favourable elliptic curves) 
Log-of Conductor 
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3.5 Algorithms for identifying elliptic curves of high rank 
3.5.1 In recent papers identifying certain elliptic curves over Q of high rank, the 
authors concerned have employed sieving techniques to search for such curves. 
These may be summarised using the notation adopted in this thesis as follows: 
Mestre and Fermigier (e.g. [M2], [Fl], [F3]) select curves optimising for various 





while Nagao and Kouya (e.g. [NK1]) select curves (using slightly higher values of 
M) which optimise both 
and 
	
p~MP+ltp 	p:~ M 
The justification for these techniques lies in the Conjectures, particularly the 
algebraic rank equalling the analytic rank. Consideration of the L-series 
fl (i - tps + 12sY
H I—t 	 +p2s 
alip 	 bad 	I - tp 
ignoring the second product (which relates only to the small number of bad primes), 
gives the ratio 
L'(E,$) 	2p' 2 ' - 
L(E,$) = 	1— tp5 + pl2S 
log p. 	 (1) 
At s = 1 (assuming, of course, that the L-series can be continued analytically to a 
neighbourhood of s = 1), the right hand side of equation (1) simplifies to the 
expression in the Mestre/Fermigier algorithm. At the same time, if we put 
L(E,$)= KE (S _1)r + O((S _1)r+ 1 ) , 
then the left hand side of (1) becomes 
L'(E,$) 	r 
, 	= 	x (1 + O(s - 1)). 	 (2) LE,$) s — i 
As a result, we may expect high values of rank to be associated with high values of 
the Mestre/Fermigier sum. 
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3.5.2 We wish to consider an alternative approach, namely examining values close 
to s = 1 in order to avoid the asymptotic behaviour of the approach just described. 
First, we give two Lemmas on convergence. In Lemma 3.7 we use the concept of 
convergence in probability. We say that a sequence of functions (u (x)) converges in 
probability to a limit u(x) if u,, (x) -+ u(x) in measure, i.e. if the sequence (u (x)) is 
p-measurable and V8> 0, 
limp   IX:  Iun(x)—u(x)  ~! 81 = o 
Lemma 3.7 Assume (i) the pairwise independence as random variables of the 
Angles of Frobenius and (ii) the distribution of the Angle of Frobenius according to 
the Sato-Tate Conjecture (or un iform distribution for CM curves). Then, as n—cx', 
the sequence 
1 
s, = - 	 cos 2O4 , converges in probability to the limit - 
p,, p, 
Proof 
Sato-Tate In the Sato-Tate distribution of the Angle of Frobenius O, we have: 
Mean cosO = - Jcos 0 sin 2  OdO =0 
Variance cosO° 
= Jcos2Osin2 OdO= 
4 
Mean cos2f)° 
= Jcos 20 sin 2  (9d0= --- 
Variance cos2O = - J(cos20 + +)2 sin 2 OdO = 
4 
Now, we have assumed the independence as random variables of the Angles of 
Frobenius and the mean / variance of the sum of independent random variables 
equals the sum of their means / variances. So, for n > 1, we have that the mean of 
ns equals 
- -- 
n and its variance equals 
-- 
n, giving a Standard Deviation of s, of 
n 2 , 
which tends to zero as n —* cc. Thus, the sequence (sn ) converges in probability 
(over the set of all elliptic curves) to the limit — 
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Uniform distribution In this case, since the uniform distribution applies at one-half 
of all primes (and note that for the other half the Trace is zero), we have: 
1 	r 
Mean cosO = - + —f— Icos9dO =0 ° 	2 2 ;ir 
Variance cos =+iJcos2Od8= 
Mean cos29 =__+_Jcos2OdO=_- 
22,r 0 	2 
Variance cos20 = (_l+ ) 2 +iJ(cos 2O + ) 2 dO = . 
Using the same method as in the Sato-Tate case we see that the Standard Deviation 
for s, tends to zero as n —* oo and, in particular, the sequence (sn ) converges in 
probability to the limit — FE 
Lemma 3.8 	
log  = -- + 
0(1) for positive 8. 
alip P 
Proof For s> 1 the following identities are well-known (e.g. [HW1]): 
J(i—pj_' =C(s)=_i+0(1) 	 (3) 
alIp 
and 	 c(s)= 
— 1 
2 + 0(1). 	 (4) (s —1) 
So, since 	 '(s) 	-p 
S Iogpj—j(1 — pS)I, 	 (5) 
ii 	(i —p ) €iip 
if, for positive s —1, we use the identities (3), (4) and (5), we obtain 
logp 	logp 	— '(s) — 	1 
2s 	•••p(\ 	
+01. 
alip P al/p D S 
For positive s —1 the second and subsequent summands on the left hand side are 
0(1) ass tends to 1. Write s —1 = ö and the lemma follows. 	 LI 
The following theorem depends on four assumptions, which we shall discuss after 
the proof of the Theorem. 
Theorem 3.9 Assume (i) the Birch/Swinnerton-Dyer rank Conjecture, (ii) that the 
Angle of Frobenius is distributed according to the Sato-Tate Conjecture (uniformly 
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for curves with Complex Multiplication), (iii) that the mean value of the Trace of 
Frobenius over the first n primes gives a sequence which converges to a limit I and 
(iv) that for any 8 > 0 the following two sums based on variations from mean values 
are convergent as n —+ cc to limits which are 
I —t 	 (cos20 +21)  1ogp 
1+5  logp 	and 	 1+25 
pgp, P 	 p5p, 	P 
Then I is equal to '/2 - r, where r is the rank of the elliptic curve. 
Proof We take equations (1) and (2) for s> 1 
rL'(E,$) = 'c- 
2p1_2s tpp 
x (i + O(s — 1)) = 
alip 	p5 + 
p l2S s—i 	 L(E,$) 	1— t 
log p. 	(6) 
Now we expand the right handside as a power series in p' 
2 	
3-3s loP[ tp1s + [2_ tPJp22s +( -  — 2 )P+..J. 
From this we subtract the sum 
logp t3 	
3\ t p p I 33ç 
allp p[cp p) 
- - ---- lp + 
which, having regard to the Hasse bound It P I <2p , is convergent on [1 ,co) to an 
0(1) limit since the summed terms are O(p)(as s —+ 1 k ). This gives the 
simplified power series 
 loP( 	1—s +2p22  _t 2 1-2p  s) 	 (7) 
alip P 
The simplified power series (7) may now be evaluated using Lemma 3.8: 
log P[ 
t 	2 	t " 
	
(2-4 cos2 Op )  log p
1+29 






l =2p COS  O,, 
it  
I =lim"'  
n 
We have assumed the existence of this limit. 
As 4cos 2 O, = 2 + 2cos20, this may be written 
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_____ 	(cos2O +--)logp 
gp lo-2 
alip P 	 all 	P125 	
(8) 
E cos 2 op  
since 	 __L = tim '' 
by Lemma 3.7. Now, using the fourth assumption, (6) and (8) give 
(l+o(8))=28t 
+OW. 
So, subject to the assumptions of this Theorem, where I is the asymptotic mean 
value of the Trace of Frobenius 
r=+—t. 	 0 
The first and second assumptions of Theorem 3.9 are well-known. The third 
assumption is based on experimental results, some of which are discussed below. In 
support of the fourth assumption, the fourth summand of (8) is based on variations 
from a mean. It is possible for it to be arbitrarily close to either 




However, individual terms in the sum are less than 1.1 in absolute value and 
converge to zero as n —* co. So, for statistical reasons concerning the distribution of 
the Angle of Frobenius, we would expect this summand to be 0(1) as s —> 1 and so 
o(s'). Similarly, in connection with the third summand, which in theory could be 
arbitrarily large, we are again considering variations from an average. Here, 
individual terms in the sum are less than 3 in absolute value and converge to zero as 
n —* co. Though the convergence of the terms summed, namely 
o(__o logp) against o(p12o  logp), is slower than for the fourth summand, for 
statistical reasons concerning the distribution of the Angle of Frobenius, we would 
also expect this summand to be 0(1) as s —+ 1. 
In Lemma 3.7 we considered the mean and variance of the Angle of Frobenius for an 
elliptic curve. From these results we note that, as the Trace of Frobenius 
tP = 2p 4 cosO, for an arbitrary prime p the variance of the Trace may be 
determined in the same way as for the Angle of Frobenius. Thus, assuming zero 
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mean Trace, the variance (mean square of the difference of Trace from its expected 
value) is 
J(2p I cos 0) 
 sin2 8 dO = P. 
We shall see in Section 3.5.4 that, when we use the expected mean given by 
Theorem 3.9 and calculate the sum of the squares of the difference between the 
actual Trace and - - r over a large number of primes, then this sum is close to the 
sum of the relevant primes. 
3.5.3 If we make the assumptions (i) and (iii) of Theorem 3.9 (but not (ii) and (iv)) 
then we can approach the result in another way using Theorem 3.4 which shows that 
((r-1+t 
limH 
p ) 2p2 
exists and is finite for the unique integer r equal to the analytic rank. Now put 
tP = -- r + TP 
and rewrite the expression of Theorem 3.4 as 
urn 	I - + ( - r 
+ 1  )2 
P ) 	2 2p 
Then, Theorem 3.4 gives the existence and finiteness of this limit for the unique 
integer r equal to the analytic rank. However, if we remove from this sum those 
elements which are always of finite sum (as in the proof of Theorem 3.4) we obtain + H 
lim I J p<X 	p 
So, if r, averages 0 (consistent with the definition of I and Theorem 3.9), then the 
first summand may be expected to average - - p (subject to p having a well-




to be + 2-- p implying an average for 	of p. Thus the variance of 	(which 
should also be the variance of the Trace of Frobenius) is p. This accords exactly with 
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Lemma 3.7 when expressed in terms of the Angle of Frobenius and supports the 
result of Theorem 3.9 without needing two of the assumptions used in its proof. 
3.5.4 If the assumptions of Theorem 3.9 are valid, then we should be able to obtain 
an estimate of the rank by computing - - s,, for large enough n. To examine this 
method we can take a selection of elliptic curves of known rank, calculate for each 
the Trace of Frobenius at each prime up to some cut-off (say 20000) and then 
observe how 2 - s, varies over values of n. This cut-off was chosen since the 
calculations were carried out on a home PC with 75MHz processor with 8Mb RAM. 
By using more powerful computing facilities the cut-off and accuracy would have 
been enhanced. However, the improvements are likely to have been quantitative and 
not qualitative. By this is meant that the phenomena of interest are already apparent 
at the low cut-off level. 
In any event, we are beset by the problem that, whilst there is theoretical 
convergence to some value, in practice convergence is very slow as can be seen on 
the next page in the illustrative plot for [Cr1] #389A1 of the mean value of the trace 
at 377 points being over the first 6, 12, 18,.., 6n, .., 2262 primes. The 2262nd prime 
is 19997, the largest below 20000. However, we now use an established smoothing 
technique and plot the mean value of the mean values over the same range. These 
plots are given after the text of this Section. The seven elliptic curves examined in 
this way are the favourable elliptic curves with ranks 0, 1, 2 9 19 and 23, a rank 5 
Complex Multiplication curve (y 2 = — 28279) from [GPZ1] and a rank 7 elliptic 
curve of Penney and Pomerance [PP1] (y 2 = x 3 +1692602X 2 - 530052723915x) 
(these last two chosen because they are high rank curves identified without the use 
of sieving methods depending on the Trace of Frobenius). In the cases of rank 19 
and 23, the mean values at lower levels are affected by the fact that the Trace cannot 
equal 19 and 23 respectively for primes less than 97 and 137 respectively, which 
gives a shortfall in the calculated mean. 
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Mean values of the Trace of Frobenius up to 
selected levels for an elliptic-curve-of rank 2 
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We give the estimate of rank based on - minus the mean value of the mean values 
of the Trace over all primes up to 19997 for these six curves. We also give the sum 
of the squares of the difference between the actual Trace and - - r over the 2262 
primes. These sums should be compared with the sum of primes up to 19997, which 
is 21171191, say 2.117x 10 7 . 
Rank 	 0 	1 	2 	5 	7 	19 	23 
Estimate 	+0.0054 +1.0924 +2.1745 +4.3645 +6.8141 +19.0654 +21.7506 
(t, _--+r)2 2.084 2.059 	2.168 2.063 	2.132 	1.979 	2.035 
p<20000 
(all x10 7 ) 
Even at this modest level of cut-off there is a remarkably good fit between the actual 
rank and 1 minus the mean value of the mean values of t calculated over the 
primes below 20000. The curves of rank 5 and rank 23 curve are exceptions to this 
pattern, although in the latter case the relatively low cut-off is the probable reason. 
In addition, the sums of the squares of the differences from the expected value lie 
close to the theoretical value discussed at the end of Section 3.5.2. 
We would like to be able to estimate the error in basing estimates of rank on such a 
calculation. The table above and the convergence shown in the plots of the mean 
value of the mean values suggest that the error in the rank estimate using the mean 
value alone is caused by factors other than using a finite but large cut-off of 20000. 
These factors and their quantifications are: 
(i) we note that - - must be less than r for certain small primes if rank exceeds 2. 
- - <23 for all primes below 137. Since rank is For example, in the rank 23 case  
unlikely to exceed 23 (except for curves yet to be identified) this is a problem only 
with the primes below 137. The sum of the potential shortfall in Trace (below that 
implied by the notional mean value) over these primes is no greater than 287 which, 
if the mean is taken over 2262 primes, implies a maximum error in mean value due 
to this cause of approximately 0. 13 (and a maximum error in the mean value of the 
mean values of approximately 0.74); 
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(ii) we assumed the Trace is distributed in accordance with the Sato-Tate Conjecture 
(or uniformly for CM curves), therefore it will not always be close to the asymptotic 
average. The greatest difference from that average is 
[2p ]+Ir-I. 
For a cut-off of p < 20000 this can be taken as close to 2p 1 . The cut-off uses 
averaging over 2262 primes. So, using the well-known approximation of Gauss 
X 
 
log X'  
we can say that a single prime at this extreme value can affect the average by 
2p log P. 
However, the picture does seem to be more complicated than a distribution that is 
subject to the Sato-Tate Conjecture with random variations from that pattern. For the 
case of #389A1 used above, we note that the 100 primes numbers 600 to 699 have a 
mean Trace of -13.56; the 300 primes numbers 1200 to 1499 have a mean Trace of 
+6.74; and the 150 primes numbers 2000 to 2149 have a mean Trace of -19.64. 
Compared to the asymptotic average of -1.50, these aberrations are clearly 
significant and we should consider only that this error is O(p 2  logp) and with a 
multiple which is at least 30 (based on the first aberration given). 
The conclusion therefore is that estimates relying on the mean value alone are 
subject to significant variations at certain cut-offs. This defect seems to be reduced 
considerably by taking the mean value of the mean values. 
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Mean value of mean values of the Trace of Frobenius up 
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